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The problem of estimating multiple loss parameters of an optical system using the most general
ancilla-assisted parallel strategy is solved under energy constraints. An upper bound on the quan-
tum Fisher information matrix is derived assuming that the environment modes involved in the loss
interaction can be accessed. Any pure-state probe that is number-diagonal in the modes interact-
ing with the loss elements is shown to exactly achieve this upper bound even if the environment
modes are inaccessible, as is usually the case in practice. We explain this surprising phenomenon,
and show that measuring the Schmidt bases of the probe is a parameter-independent optimal mea-
surement. Our results imply that multiple copies of two-mode squeezed vacuum probes with an
arbitrarily small nonzero degree of squeezing, or probes prepared using single-photon states and lin-
ear optics can achieve quantum-optimal performance in conjunction with on-off detection. We also
calculate explicitly the energy-constrained Bures distance between any two product loss channels.
Our results are relevant to standoff image sensing, biological imaging, absorption spectroscopy, and
photodetector calibration.
Quantum metrology investigates the fundamental lim-
its imposed by quantum mechanics on the precision of
measurements under resource constraints. It encom-
passes the measurement of such physical quantities as
displacement, time, force, acceleration, temperature, and
electric and magnetic fields in diverse physical systems
including atoms, ions, and spins [1, 2]. In optical sys-
tems, measuring interferometric phase shifts has been the
paradigmatic example for which quantum enhancement
has been most studied [3, 4].
Beyond unitary dynamics, the most ubiquitous phe-
nomenon present in optical systems is loss, the precise
measurement of which is a fundamental issue in science
and technology. A general loss sensing scenario is de-
picted schematically in Fig. 1. K loss elements modeled
as beam splitters are probed using a multimode probe
of which the “signal” modes (shown in red) are directly
modulated by the loss elements while the “ancilla” modes
(shown in yellow) are held losslessly. The exact nature of
the modes and loss elements need not be specified for our
analysis, which applies to diverse scenarios. Thus the K
loss elements may be actual pixels in an amplitude mask
in an image sensing scenario [5], or may represent absorp-
tion coefficients of a sample at K different frequencies in
an absorption spectroscopy setup [6], or a photodetector
whose quantum efficiency is being calibrated [7]. The K
probes may also represent temporal modes probing the
transmittance of a living cell undergoing a cellular pro-
cess [8]. More abstractly, many natural imaging problems
can be mapped to equivalent transmittance estimation or
discrimination problems [9, 10]. At optical frequencies,
we may assume that the environment modes entering the
“unused” input ports of the beam splitters are in the
vacuum state. The output environment modes are typ-
ically inaccessible for measurement, so only the signal
and ancilla modes are measured using an optimal quan-
tum measurement in order to estimate the transmissivity
values. In order to make the problem well-defined, we
constrain the energy [11] allocated to the signal modes.
Apart from accounting for resources, it is often necessary
to limit the photon flux through an optical element, e.g.,
to avoid damage or alteration of processes in live tissue
[12], to calibrate sensitive single-photon detectors [7], or
for covertness.
In this Letter, we solve the problem of quantum-
optimal estimation of K real-valued transmissivities{√η
k
}Kk=1 using the general ancilla-assisted entangled
parallel strategy of Fig. 1 assuming that the energy allo-
cated to the signal modes probing each of the K beam
splitters is specified as {Nk}Kk=1. We first obtain an up-
per bound on the quantum Fisher information matrix
for the problem, and then show that a very large class
of probe states achieves this bound. We find the opti-
mal quantum measurement and exhibit readily prepared
probes for which on-off detection is an optimal measure-
ment. Finally, we address the problem of discriminating
between two given loss channels by deriving the probe
state of given signal energy that minimizes the fidelity at
the channel output.
Problem Formulation and Estimation-Theory Review:
The action of the k-th beam splitter on the m-th signal
mode annihilation operator aˆ(m) and the m-th environ-
ment mode annihilation operator eˆ(m) takes the form
aˆ
(m)
out = √ηk aˆ(m)in +√1 − ηk eˆ(m)in ,
eˆ
(m)
out = √1 − ηk aˆ(m)in −√ηk eˆ(m)in (1)
in the Heisenberg picture, where 1 ≤ m ≤ M ≡ ∑Kk=1Mk,
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aˆ
(2)
in
<latexit sha1_base64="t+7zEZ eNhNVZCaHauEJpxg3mD24=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4t FqJeSFEGPBS8eK9hWaGKYbLft0s0m7G6EEnPwr3jxoIhX/4Y3/43bNg dtfTDweG+GmXlhwpnSjvNtlVZW19Y3ypuVre2d3T17/6Cj4lQS2iYx j+VdCIpyJmhbM83pXSIpRCGn3XB8NfW7D1QqFotbPUmoH8FQsAEjoI0 U2EfeCHQGeZB5MsJM5PdZrXGWB3bVqTsz4GXiFqSKCrQC+8vrxySNqN CEg1I910m0n4HUjHCaV7xU0QTIGIa0Z6iAiCo/m92f41Oj9PEglqaEx jP190QGkVKTKDSdEeiRWvSm4n9eL9WDSz9jIkk1FWS+aJByrGM8DQP3 maRE84khQCQzt2IyAglEm8gqJgR38eVl0mnUXafu3pxXm80ijjI6Ri eohlx0gZroGrVQGxH0iJ7RK3qznqwX6936mLeWrGLmEP2B9fkDrYKV2 Q==</latexit><latexit sha1_base64="t+7zEZ eNhNVZCaHauEJpxg3mD24=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4t FqJeSFEGPBS8eK9hWaGKYbLft0s0m7G6EEnPwr3jxoIhX/4Y3/43bNg dtfTDweG+GmXlhwpnSjvNtlVZW19Y3ypuVre2d3T17/6Cj4lQS2iYx j+VdCIpyJmhbM83pXSIpRCGn3XB8NfW7D1QqFotbPUmoH8FQsAEjoI0 U2EfeCHQGeZB5MsJM5PdZrXGWB3bVqTsz4GXiFqSKCrQC+8vrxySNqN CEg1I910m0n4HUjHCaV7xU0QTIGIa0Z6iAiCo/m92f41Oj9PEglqaEx jP190QGkVKTKDSdEeiRWvSm4n9eL9WDSz9jIkk1FWS+aJByrGM8DQP3 maRE84khQCQzt2IyAglEm8gqJgR38eVl0mnUXafu3pxXm80ijjI6Ri eohlx0gZroGrVQGxH0iJ7RK3qznqwX6936mLeWrGLmEP2B9fkDrYKV2 Q==</latexit><latexit sha1_base64="t+7zEZ eNhNVZCaHauEJpxg3mD24=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4t FqJeSFEGPBS8eK9hWaGKYbLft0s0m7G6EEnPwr3jxoIhX/4Y3/43bNg dtfTDweG+GmXlhwpnSjvNtlVZW19Y3ypuVre2d3T17/6Cj4lQS2iYx j+VdCIpyJmhbM83pXSIpRCGn3XB8NfW7D1QqFotbPUmoH8FQsAEjoI0 U2EfeCHQGeZB5MsJM5PdZrXGWB3bVqTsz4GXiFqSKCrQC+8vrxySNqN CEg1I910m0n4HUjHCaV7xU0QTIGIa0Z6iAiCo/m92f41Oj9PEglqaEx jP190QGkVKTKDSdEeiRWvSm4n9eL9WDSz9jIkk1FWS+aJByrGM8DQP3 maRE84khQCQzt2IyAglEm8gqJgR38eVl0mnUXafu3pxXm80ijjI6Ri eohlx0gZroGrVQGxH0iJ7RK3qznqwX6936mLeWrGLmEP2B9fkDrYKV2 Q==</latexit><latexit sha1_base64="t+7zEZ eNhNVZCaHauEJpxg3mD24=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4t FqJeSFEGPBS8eK9hWaGKYbLft0s0m7G6EEnPwr3jxoIhX/4Y3/43bNg dtfTDweG+GmXlhwpnSjvNtlVZW19Y3ypuVre2d3T17/6Cj4lQS2iYx j+VdCIpyJmhbM83pXSIpRCGn3XB8NfW7D1QqFotbPUmoH8FQsAEjoI0 U2EfeCHQGeZB5MsJM5PdZrXGWB3bVqTsz4GXiFqSKCrQC+8vrxySNqN CEg1I910m0n4HUjHCaV7xU0QTIGIa0Z6iAiCo/m92f41Oj9PEglqaEx jP190QGkVKTKDSdEeiRWvSm4n9eL9WDSz9jIkk1FWS+aJByrGM8DQP3 maRE84khQCQzt2IyAglEm8gqJgR38eVl0mnUXafu3pxXm80ijjI6Ri eohlx0gZroGrVQGxH0iJ7RK3qznqwX6936mLeWrGLmEP2B9fkDrYKV2 Q==</latexit>
eˆ
(2)
in
<latexit sha1_base64="lN9/clSsfLhv2UsmCG6cNPBZdbE=">AAA B/3icbVBNS8NAEN3Ur1q/ooIXL4tFqJeSFEGPBS8eK9hWaGLYbLft0s0m7E6EEnPwr3jxoIhX/4Y3/43bNgdtfTDweG+GmXlhIrgGx/m2Siu ra+sb5c3K1vbO7p69f9DRcaooa9NYxOouJJoJLlkbOAh2lyhGolCwbji+mvrdB6Y0j+UtTBLmR2Qo+YBTAkYK7CNvRCBjeZB5KsJc5vdZrXG WB3bVqTsz4GXiFqSKCrQC+8vrxzSNmAQqiNY910nAz4gCTgXLK16qWULomAxZz1BJIqb9bHZ/jk+N0seDWJmSgGfq74mMRFpPotB0RgRGetGb iv95vRQGl37GZZICk3S+aJAKDDGehoH7XDEKYmIIoYqbWzEdEUUomMgqJgR38eVl0mnUXafu3pxXm80ijjI6Rieohlx0gZroGrVQG1H0iJ7R K3qznqwX6936mLeWrGLmEP2B9fkDs9KV3Q==</latexit><latexit sha1_base64="lN9/clSsfLhv2UsmCG6cNPBZdbE=">AAA B/3icbVBNS8NAEN3Ur1q/ooIXL4tFqJeSFEGPBS8eK9hWaGLYbLft0s0m7E6EEnPwr3jxoIhX/4Y3/43bNgdtfTDweG+GmXlhIrgGx/m2Siu ra+sb5c3K1vbO7p69f9DRcaooa9NYxOouJJoJLlkbOAh2lyhGolCwbji+mvrdB6Y0j+UtTBLmR2Qo+YBTAkYK7CNvRCBjeZB5KsJc5vdZrXG WB3bVqTsz4GXiFqSKCrQC+8vrxzSNmAQqiNY910nAz4gCTgXLK16qWULomAxZz1BJIqb9bHZ/jk+N0seDWJmSgGfq74mMRFpPotB0RgRGetGb iv95vRQGl37GZZICk3S+aJAKDDGehoH7XDEKYmIIoYqbWzEdEUUomMgqJgR38eVl0mnUXafu3pxXm80ijjI6Rieohlx0gZroGrVQG1H0iJ7R K3qznqwX6936mLeWrGLmEP2B9fkDs9KV3Q==</latexit><latexit sha1_base64="lN9/clSsfLhv2UsmCG6cNPBZdbE=">AAA B/3icbVBNS8NAEN3Ur1q/ooIXL4tFqJeSFEGPBS8eK9hWaGLYbLft0s0m7E6EEnPwr3jxoIhX/4Y3/43bNgdtfTDweG+GmXlhIrgGx/m2Siu ra+sb5c3K1vbO7p69f9DRcaooa9NYxOouJJoJLlkbOAh2lyhGolCwbji+mvrdB6Y0j+UtTBLmR2Qo+YBTAkYK7CNvRCBjeZB5KsJc5vdZrXG WB3bVqTsz4GXiFqSKCrQC+8vrxzSNmAQqiNY910nAz4gCTgXLK16qWULomAxZz1BJIqb9bHZ/jk+N0seDWJmSgGfq74mMRFpPotB0RgRGetGb iv95vRQGl37GZZICk3S+aJAKDDGehoH7XDEKYmIIoYqbWzEdEUUomMgqJgR38eVl0mnUXafu3pxXm80ijjI6Rieohlx0gZroGrVQG1H0iJ7R K3qznqwX6936mLeWrGLmEP2B9fkDs9KV3Q==</latexit><latexit sha1_base64="lN9/clSsfLhv2UsmCG6cNPBZdbE=">AAA B/3icbVBNS8NAEN3Ur1q/ooIXL4tFqJeSFEGPBS8eK9hWaGLYbLft0s0m7E6EEnPwr3jxoIhX/4Y3/43bNgdtfTDweG+GmXlhIrgGx/m2Siu ra+sb5c3K1vbO7p69f9DRcaooa9NYxOouJJoJLlkbOAh2lyhGolCwbji+mvrdB6Y0j+UtTBLmR2Qo+YBTAkYK7CNvRCBjeZB5KsJc5vdZrXG WB3bVqTsz4GXiFqSKCrQC+8vrxzSNmAQqiNY910nAz4gCTgXLK16qWULomAxZz1BJIqb9bHZ/jk+N0seDWJmSgGfq74mMRFpPotB0RgRGetGb iv95vRQGl37GZZICk3S+aJAKDDGehoH7XDEKYmIIoYqbWzEdEUUomMgqJgR38eVl0mnUXafu3pxXm80ijjI6Rieohlx0gZroGrVQG1H0iJ7R K3qznqwX6936mLeWrGLmEP2B9fkDs9KV3Q==</latexit>
eˆ
(K)
in
<latexit sha1_base64="TT8DTIB+Ea6FLMdZFkhwJuZfqyM=">AA AB/3icbVBNS8NAEN34WetXVPDiZbEI9VISEfRY8CJ4qWA/oI1hs920SzebsDsRSszBv+LFgyJe/Rve/Ddu2xy09cHA470ZZuYFieAaHOfbW lpeWV1bL22UN7e2d3btvf2WjlNFWZPGIladgGgmuGRN4CBYJ1GMRIFg7WB0NfHbD0xpHss7GCfMi8hA8pBTAkby7cPekEDGcj/rqQhzmd9n 1ZvT3LcrTs2ZAi8StyAVVKDh21+9fkzTiEmggmjddZ0EvIwo4FSwvNxLNUsIHZEB6xoqScS0l03vz/GJUfo4jJUpCXiq/p7ISKT1OApMZ0R gqOe9ifif100hvPQyLpMUmKSzRWEqMMR4Egbuc8UoiLEhhCpubsV0SBShYCIrmxDc+ZcXSeus5jo19/a8Uq8XcZTQETpGVeSiC1RH16iBmo iiR/SMXtGb9WS9WO/Wx6x1ySpmDtAfWJ8/2eiV9g==</latexit><latexit sha1_base64="TT8DTIB+Ea6FLMdZFkhwJuZfqyM=">AA AB/3icbVBNS8NAEN34WetXVPDiZbEI9VISEfRY8CJ4qWA/oI1hs920SzebsDsRSszBv+LFgyJe/Rve/Ddu2xy09cHA470ZZuYFieAaHOfbW lpeWV1bL22UN7e2d3btvf2WjlNFWZPGIladgGgmuGRN4CBYJ1GMRIFg7WB0NfHbD0xpHss7GCfMi8hA8pBTAkby7cPekEDGcj/rqQhzmd9n 1ZvT3LcrTs2ZAi8StyAVVKDh21+9fkzTiEmggmjddZ0EvIwo4FSwvNxLNUsIHZEB6xoqScS0l03vz/GJUfo4jJUpCXiq/p7ISKT1OApMZ0R gqOe9ifif100hvPQyLpMUmKSzRWEqMMR4Egbuc8UoiLEhhCpubsV0SBShYCIrmxDc+ZcXSeus5jo19/a8Uq8XcZTQETpGVeSiC1RH16iBmo iiR/SMXtGb9WS9WO/Wx6x1ySpmDtAfWJ8/2eiV9g==</latexit><latexit sha1_base64="TT8DTIB+Ea6FLMdZFkhwJuZfqyM=">AA AB/3icbVBNS8NAEN34WetXVPDiZbEI9VISEfRY8CJ4qWA/oI1hs920SzebsDsRSszBv+LFgyJe/Rve/Ddu2xy09cHA470ZZuYFieAaHOfbW lpeWV1bL22UN7e2d3btvf2WjlNFWZPGIladgGgmuGRN4CBYJ1GMRIFg7WB0NfHbD0xpHss7GCfMi8hA8pBTAkby7cPekEDGcj/rqQhzmd9n 1ZvT3LcrTs2ZAi8StyAVVKDh21+9fkzTiEmggmjddZ0EvIwo4FSwvNxLNUsIHZEB6xoqScS0l03vz/GJUfo4jJUpCXiq/p7ISKT1OApMZ0R gqOe9ifif100hvPQyLpMUmKSzRWEqMMR4Egbuc8UoiLEhhCpubsV0SBShYCIrmxDc+ZcXSeus5jo19/a8Uq8XcZTQETpGVeSiC1RH16iBmo iiR/SMXtGb9WS9WO/Wx6x1ySpmDtAfWJ8/2eiV9g==</latexit><latexit sha1_base64="TT8DTIB+Ea6FLMdZFkhwJuZfqyM=">AA AB/3icbVBNS8NAEN34WetXVPDiZbEI9VISEfRY8CJ4qWA/oI1hs920SzebsDsRSszBv+LFgyJe/Rve/Ddu2xy09cHA470ZZuYFieAaHOfbW lpeWV1bL22UN7e2d3btvf2WjlNFWZPGIladgGgmuGRN4CBYJ1GMRIFg7WB0NfHbD0xpHss7GCfMi8hA8pBTAkby7cPekEDGcj/rqQhzmd9n 1ZvT3LcrTs2ZAi8StyAVVKDh21+9fkzTiEmggmjddZ0EvIwo4FSwvNxLNUsIHZEB6xoqScS0l03vz/GJUfo4jJUpCXiq/p7ISKT1OApMZ0R gqOe9ifif100hvPQyLpMUmKSzRWEqMMR4Egbuc8UoiLEhhCpubsV0SBShYCIrmxDc+ZcXSeus5jo19/a8Uq8XcZTQETpGVeSiC1RH16iBmo iiR/SMXtGb9WS9WO/Wx6x1ySpmDtAfWJ8/2eiV9g==</latexit>
eˆ
(K)
out
<latexit sha1_base64="XHNF0ORKzb+VQZ3b5EMYp7FJJDM=">AAACA HicbVBNS8NAEN3Ur1q/qh48eFksQr2URAQ9FrwIXirYD2hi2Gw37dJNNuxOhBJy8a948aCIV3+GN/+N2zYHbX0w8Hhvhpl5QSK4Btv+tkorq2vrG+ XNytb2zu5edf+go2WqKGtTKaTqBUQzwWPWBg6C9RLFSBQI1g3G11O/+8iU5jK+h0nCvIgMYx5ySsBIfvXIHRHIWO5nroqwTCF/yOq3Z7lfrdkNewa 8TJyC1FCBll/9cgeSphGLgQqidd+xE/AyooBTwfKKm2qWEDomQ9Y3NCYR0142eyDHp0YZ4FAqUzHgmfp7IiOR1pMoMJ0RgZFe9Kbif14/hfDKy3ic pMBiOl8UpgKDxNM08IArRkFMDCFUcXMrpiOiCAWTWcWE4Cy+vEw65w3Hbjh3F7Vms4ijjI7RCaojB12iJrpBLdRGFOXoGb2iN+vJerHerY95a8kq Zg7RH1ifP8xEloE=</latexit><latexit sha1_base64="XHNF0ORKzb+VQZ3b5EMYp7FJJDM=">AAACA HicbVBNS8NAEN3Ur1q/qh48eFksQr2URAQ9FrwIXirYD2hi2Gw37dJNNuxOhBJy8a948aCIV3+GN/+N2zYHbX0w8Hhvhpl5QSK4Btv+tkorq2vrG+ XNytb2zu5edf+go2WqKGtTKaTqBUQzwWPWBg6C9RLFSBQI1g3G11O/+8iU5jK+h0nCvIgMYx5ySsBIfvXIHRHIWO5nroqwTCF/yOq3Z7lfrdkNewa 8TJyC1FCBll/9cgeSphGLgQqidd+xE/AyooBTwfKKm2qWEDomQ9Y3NCYR0142eyDHp0YZ4FAqUzHgmfp7IiOR1pMoMJ0RgZFe9Kbif14/hfDKy3ic pMBiOl8UpgKDxNM08IArRkFMDCFUcXMrpiOiCAWTWcWE4Cy+vEw65w3Hbjh3F7Vms4ijjI7RCaojB12iJrpBLdRGFOXoGb2iN+vJerHerY95a8kq Zg7RH1ifP8xEloE=</latexit><latexit sha1_base64="XHNF0ORKzb+VQZ3b5EMYp7FJJDM=">AAACA HicbVBNS8NAEN3Ur1q/qh48eFksQr2URAQ9FrwIXirYD2hi2Gw37dJNNuxOhBJy8a948aCIV3+GN/+N2zYHbX0w8Hhvhpl5QSK4Btv+tkorq2vrG+ XNytb2zu5edf+go2WqKGtTKaTqBUQzwWPWBg6C9RLFSBQI1g3G11O/+8iU5jK+h0nCvIgMYx5ySsBIfvXIHRHIWO5nroqwTCF/yOq3Z7lfrdkNewa 8TJyC1FCBll/9cgeSphGLgQqidd+xE/AyooBTwfKKm2qWEDomQ9Y3NCYR0142eyDHp0YZ4FAqUzHgmfp7IiOR1pMoMJ0RgZFe9Kbif14/hfDKy3ic pMBiOl8UpgKDxNM08IArRkFMDCFUcXMrpiOiCAWTWcWE4Cy+vEw65w3Hbjh3F7Vms4ijjI7RCaojB12iJrpBLdRGFOXoGb2iN+vJerHerY95a8kq Zg7RH1ifP8xEloE=</latexit><latexit sha1_base64="XHNF0ORKzb+VQZ3b5EMYp7FJJDM=">AAACA HicbVBNS8NAEN3Ur1q/qh48eFksQr2URAQ9FrwIXirYD2hi2Gw37dJNNuxOhBJy8a948aCIV3+GN/+N2zYHbX0w8Hhvhpl5QSK4Btv+tkorq2vrG+ XNytb2zu5edf+go2WqKGtTKaTqBUQzwWPWBg6C9RLFSBQI1g3G11O/+8iU5jK+h0nCvIgMYx5ySsBIfvXIHRHIWO5nroqwTCF/yOq3Z7lfrdkNewa 8TJyC1FCBll/9cgeSphGLgQqidd+xE/AyooBTwfKKm2qWEDomQ9Y3NCYR0142eyDHp0YZ4FAqUzHgmfp7IiOR1pMoMJ0RgZFe9Kbif14/hfDKy3ic pMBiOl8UpgKDxNM08IArRkFMDCFUcXMrpiOiCAWTWcWE4Cy+vEw65w3Hbjh3F7Vms4ijjI7RCaojB12iJrpBLdRGFOXoGb2iN+vJerHerY95a8kq Zg7RH1ifP8xEloE=</latexit>
eˆ
(2)
out
<latexit sha1_base64="RVJVYRk4htyCfEx6pCuOVkgZ8dc=">AAACAHicb VBNS8NAEN3Ur1q/oh48eFksQr2UpAh6LHjxWMF+QBPDZrttl242YXcilJCLf8WLB0W8+jO8+W/ctjlo64OBx3szzMwLE8E1OM63VVpb39jcKm9Xdnb39g/sw6 OOjlNFWZvGIla9kGgmuGRt4CBYL1GMRKFg3XByM/O7j0xpHst7mCbMj8hI8iGnBIwU2CfemEDG8iDzVITjFPKHrNa4yAO76tSdOfAqcQtSRQVagf3lDWKaRk wCFUTrvusk4GdEAaeC5RUv1SwhdEJGrG+oJBHTfjZ/IMfnRhngYaxMScBz9fdERiKtp1FoOiMCY73szcT/vH4Kw2s/4zJJgUm6WDRMBYYYz9LAA64YBTE1hFD Fza2YjokiFExmFROCu/zyKuk06q5Td+8uq81mEUcZnaIzVEMuukJNdItaqI0oytEzekVv1pP1Yr1bH4vWklXMHKM/sD5/AKYulmg=</latexit><latexit sha1_base64="RVJVYRk4htyCfEx6pCuOVkgZ8dc=">AAACAHicb VBNS8NAEN3Ur1q/oh48eFksQr2UpAh6LHjxWMF+QBPDZrttl242YXcilJCLf8WLB0W8+jO8+W/ctjlo64OBx3szzMwLE8E1OM63VVpb39jcKm9Xdnb39g/sw6 OOjlNFWZvGIla9kGgmuGRt4CBYL1GMRKFg3XByM/O7j0xpHst7mCbMj8hI8iGnBIwU2CfemEDG8iDzVITjFPKHrNa4yAO76tSdOfAqcQtSRQVagf3lDWKaRk wCFUTrvusk4GdEAaeC5RUv1SwhdEJGrG+oJBHTfjZ/IMfnRhngYaxMScBz9fdERiKtp1FoOiMCY73szcT/vH4Kw2s/4zJJgUm6WDRMBYYYz9LAA64YBTE1hFD Fza2YjokiFExmFROCu/zyKuk06q5Td+8uq81mEUcZnaIzVEMuukJNdItaqI0oytEzekVv1pP1Yr1bH4vWklXMHKM/sD5/AKYulmg=</latexit><latexit sha1_base64="RVJVYRk4htyCfEx6pCuOVkgZ8dc=">AAACAHicb VBNS8NAEN3Ur1q/oh48eFksQr2UpAh6LHjxWMF+QBPDZrttl242YXcilJCLf8WLB0W8+jO8+W/ctjlo64OBx3szzMwLE8E1OM63VVpb39jcKm9Xdnb39g/sw6 OOjlNFWZvGIla9kGgmuGRt4CBYL1GMRKFg3XByM/O7j0xpHst7mCbMj8hI8iGnBIwU2CfemEDG8iDzVITjFPKHrNa4yAO76tSdOfAqcQtSRQVagf3lDWKaRk wCFUTrvusk4GdEAaeC5RUv1SwhdEJGrG+oJBHTfjZ/IMfnRhngYaxMScBz9fdERiKtp1FoOiMCY73szcT/vH4Kw2s/4zJJgUm6WDRMBYYYz9LAA64YBTE1hFD Fza2YjokiFExmFROCu/zyKuk06q5Td+8uq81mEUcZnaIzVEMuukJNdItaqI0oytEzekVv1pP1Yr1bH4vWklXMHKM/sD5/AKYulmg=</latexit><latexit sha1_base64="RVJVYRk4htyCfEx6pCuOVkgZ8dc=">AAACAHicb VBNS8NAEN3Ur1q/oh48eFksQr2UpAh6LHjxWMF+QBPDZrttl242YXcilJCLf8WLB0W8+jO8+W/ctjlo64OBx3szzMwLE8E1OM63VVpb39jcKm9Xdnb39g/sw6 OOjlNFWZvGIla9kGgmuGRt4CBYL1GMRKFg3XByM/O7j0xpHst7mCbMj8hI8iGnBIwU2CfemEDG8iDzVITjFPKHrNa4yAO76tSdOfAqcQtSRQVagf3lDWKaRk wCFUTrvusk4GdEAaeC5RUv1SwhdEJGrG+oJBHTfjZ/IMfnRhngYaxMScBz9fdERiKtp1FoOiMCY73szcT/vH4Kw2s/4zJJgUm6WDRMBYYYz9LAA64YBTE1hFD Fza2YjokiFExmFROCu/zyKuk06q5Td+8uq81mEUcZnaIzVEMuukJNdItaqI0oytEzekVv1pP1Yr1bH4vWklXMHKM/sD5/AKYulmg=</latexit>
aˆ
(2)
out
<latexit sha1_base64="bwZJGUpjTzEYPu8tloB+AAcqHe4=">A AACAHicbVBNS8NAEN3Ur1q/oh48eFksQr2UpAh6LHjxWMF+QBPDZrttl242YXcilJCLf8WLB0W8+jO8+W/ctjlo64OBx3szzMwLE8E1OM 63VVpb39jcKm9Xdnb39g/sw6OOjlNFWZvGIla9kGgmuGRt4CBYL1GMRKFg3XByM/O7j0xpHst7mCbMj8hI8iGnBIwU2CfemEBG8iDzVI TjFPKHrNa4yAO76tSdOfAqcQtSRQVagf3lDWKaRkwCFUTrvusk4GdEAaeC5RUv1SwhdEJGrG+oJBHTfjZ/IMfnRhngYaxMScBz9fdERiK tp1FoOiMCY73szcT/vH4Kw2s/4zJJgUm6WDRMBYYYz9LAA64YBTE1hFDFza2YjokiFExmFROCu/zyKuk06q5Td+8uq81mEUcZnaIzVEMu ukJNdItaqI0oytEzekVv1pP1Yr1bH4vWklXMHKM/sD5/AJ/almQ=</latexit><latexit sha1_base64="bwZJGUpjTzEYPu8tloB+AAcqHe4=">A AACAHicbVBNS8NAEN3Ur1q/oh48eFksQr2UpAh6LHjxWMF+QBPDZrttl242YXcilJCLf8WLB0W8+jO8+W/ctjlo64OBx3szzMwLE8E1OM 63VVpb39jcKm9Xdnb39g/sw6OOjlNFWZvGIla9kGgmuGRt4CBYL1GMRKFg3XByM/O7j0xpHst7mCbMj8hI8iGnBIwU2CfemEBG8iDzVI TjFPKHrNa4yAO76tSdOfAqcQtSRQVagf3lDWKaRkwCFUTrvusk4GdEAaeC5RUv1SwhdEJGrG+oJBHTfjZ/IMfnRhngYaxMScBz9fdERiK tp1FoOiMCY73szcT/vH4Kw2s/4zJJgUm6WDRMBYYYz9LAA64YBTE1hFDFza2YjokiFExmFROCu/zyKuk06q5Td+8uq81mEUcZnaIzVEMu ukJNdItaqI0oytEzekVv1pP1Yr1bH4vWklXMHKM/sD5/AJ/almQ=</latexit><latexit sha1_base64="bwZJGUpjTzEYPu8tloB+AAcqHe4=">A AACAHicbVBNS8NAEN3Ur1q/oh48eFksQr2UpAh6LHjxWMF+QBPDZrttl242YXcilJCLf8WLB0W8+jO8+W/ctjlo64OBx3szzMwLE8E1OM 63VVpb39jcKm9Xdnb39g/sw6OOjlNFWZvGIla9kGgmuGRt4CBYL1GMRKFg3XByM/O7j0xpHst7mCbMj8hI8iGnBIwU2CfemEBG8iDzVI TjFPKHrNa4yAO76tSdOfAqcQtSRQVagf3lDWKaRkwCFUTrvusk4GdEAaeC5RUv1SwhdEJGrG+oJBHTfjZ/IMfnRhngYaxMScBz9fdERiK tp1FoOiMCY73szcT/vH4Kw2s/4zJJgUm6WDRMBYYYz9LAA64YBTE1hFDFza2YjokiFExmFROCu/zyKuk06q5Td+8uq81mEUcZnaIzVEMu ukJNdItaqI0oytEzekVv1pP1Yr1bH4vWklXMHKM/sD5/AJ/almQ=</latexit><latexit sha1_base64="bwZJGUpjTzEYPu8tloB+AAcqHe4=">A AACAHicbVBNS8NAEN3Ur1q/oh48eFksQr2UpAh6LHjxWMF+QBPDZrttl242YXcilJCLf8WLB0W8+jO8+W/ctjlo64OBx3szzMwLE8E1OM 63VVpb39jcKm9Xdnb39g/sw6OOjlNFWZvGIla9kGgmuGRt4CBYL1GMRKFg3XByM/O7j0xpHst7mCbMj8hI8iGnBIwU2CfemEBG8iDzVI TjFPKHrNa4yAO76tSdOfAqcQtSRQVagf3lDWKaRkwCFUTrvusk4GdEAaeC5RUv1SwhdEJGrG+oJBHTfjZ/IMfnRhngYaxMScBz9fdERiK tp1FoOiMCY73szcT/vH4Kw2s/4zJJgUm6WDRMBYYYz9LAA64YBTE1hFDFza2YjokiFExmFROCu/zyKuk06q5Td+8uq81mEUcZnaIzVEMu ukJNdItaqI0oytEzekVv1pP1Yr1bH4vWklXMHKM/sD5/AJ/almQ=</latexit>
aˆ
(K)
out
<latexit sha1_base64="uyllTTkhvmOvWHLPC4sKuNWBgvI=">AAAC AHicbVBNS8NAEN3Ur1q/qh48eFksQr2URAQ9FrwIXirYD2hi2Gw37dJNNuxOhBJy8a948aCIV3+GN/+N2zYHbX0w8Hhvhpl5QSK4Btv+tkorq2v rG+XNytb2zu5edf+go2WqKGtTKaTqBUQzwWPWBg6C9RLFSBQI1g3G11O/+8iU5jK+h0nCvIgMYx5ySsBIfvXIHRHISO5nroqwTCF/yOq3Z7lfrd kNewa8TJyC1FCBll/9cgeSphGLgQqidd+xE/AyooBTwfKKm2qWEDomQ9Y3NCYR0142eyDHp0YZ4FAqUzHgmfp7IiOR1pMoMJ0RgZFe9Kbif14/ hfDKy3icpMBiOl8UpgKDxNM08IArRkFMDCFUcXMrpiOiCAWTWcWE4Cy+vEw65w3Hbjh3F7Vms4ijjI7RCaojB12iJrpBLdRGFOXoGb2iN+vJerH erY95a8kqZg7RH1ifP8Xwln0=</latexit><latexit sha1_base64="uyllTTkhvmOvWHLPC4sKuNWBgvI=">AAAC AHicbVBNS8NAEN3Ur1q/qh48eFksQr2URAQ9FrwIXirYD2hi2Gw37dJNNuxOhBJy8a948aCIV3+GN/+N2zYHbX0w8Hhvhpl5QSK4Btv+tkorq2v rG+XNytb2zu5edf+go2WqKGtTKaTqBUQzwWPWBg6C9RLFSBQI1g3G11O/+8iU5jK+h0nCvIgMYx5ySsBIfvXIHRHISO5nroqwTCF/yOq3Z7lfrd kNewa8TJyC1FCBll/9cgeSphGLgQqidd+xE/AyooBTwfKKm2qWEDomQ9Y3NCYR0142eyDHp0YZ4FAqUzHgmfp7IiOR1pMoMJ0RgZFe9Kbif14/ hfDKy3icpMBiOl8UpgKDxNM08IArRkFMDCFUcXMrpiOiCAWTWcWE4Cy+vEw65w3Hbjh3F7Vms4ijjI7RCaojB12iJrpBLdRGFOXoGb2iN+vJerH erY95a8kqZg7RH1ifP8Xwln0=</latexit><latexit sha1_base64="uyllTTkhvmOvWHLPC4sKuNWBgvI=">AAAC AHicbVBNS8NAEN3Ur1q/qh48eFksQr2URAQ9FrwIXirYD2hi2Gw37dJNNuxOhBJy8a948aCIV3+GN/+N2zYHbX0w8Hhvhpl5QSK4Btv+tkorq2v rG+XNytb2zu5edf+go2WqKGtTKaTqBUQzwWPWBg6C9RLFSBQI1g3G11O/+8iU5jK+h0nCvIgMYx5ySsBIfvXIHRHISO5nroqwTCF/yOq3Z7lfrd kNewa8TJyC1FCBll/9cgeSphGLgQqidd+xE/AyooBTwfKKm2qWEDomQ9Y3NCYR0142eyDHp0YZ4FAqUzHgmfp7IiOR1pMoMJ0RgZFe9Kbif14/ hfDKy3icpMBiOl8UpgKDxNM08IArRkFMDCFUcXMrpiOiCAWTWcWE4Cy+vEw65w3Hbjh3F7Vms4ijjI7RCaojB12iJrpBLdRGFOXoGb2iN+vJerH erY95a8kqZg7RH1ifP8Xwln0=</latexit><latexit sha1_base64="uyllTTkhvmOvWHLPC4sKuNWBgvI=">AAAC AHicbVBNS8NAEN3Ur1q/qh48eFksQr2URAQ9FrwIXirYD2hi2Gw37dJNNuxOhBJy8a948aCIV3+GN/+N2zYHbX0w8Hhvhpl5QSK4Btv+tkorq2v rG+XNytb2zu5edf+go2WqKGtTKaTqBUQzwWPWBg6C9RLFSBQI1g3G11O/+8iU5jK+h0nCvIgMYx5ySsBIfvXIHRHISO5nroqwTCF/yOq3Z7lfrd kNewa8TJyC1FCBll/9cgeSphGLgQqidd+xE/AyooBTwfKKm2qWEDomQ9Y3NCYR0142eyDHp0YZ4FAqUzHgmfp7IiOR1pMoMJ0RgZFe9Kbif14/ hfDKy3icpMBiOl8UpgKDxNM08IArRkFMDCFUcXMrpiOiCAWTWcWE4Cy+vEw65w3Hbjh3F7Vms4ijjI7RCaojB12iJrpBLdRGFOXoGb2iN+vJerH erY95a8kqZg7RH1ifP8Xwln0=</latexit>
aˆ
(K)
in
<latexit sha1_base64="+Mj8zeT lRRN+4qAqeKEyASiGFeE=">AAAB/3icbVBNS8NAEN34WetXVPDiZbEI9V ISEfRY8CJ4qWA/oI1hst20SzebsLsRSszBv+LFgyJe/Rve/Ddu2xy09cH A470ZZuYFCWdKO863tbS8srq2Xtoob25t7+zae/stFaeS0CaJeSw7ASjK maBNzTSnnURSiAJO28HoauK3H6hULBZ3epxQL4KBYCEjoI3k24e9IegMc j/ryQgzkd9n1ZvT3LcrTs2ZAi8StyAVVKDh21+9fkzSiApNOCjVdZ1Eex lIzQinebmXKpoAGcGAdg0VEFHlZdP7c3xilD4OY2lKaDxVf09kECk1jg LTGYEeqnlvIv7ndVMdXnoZE0mqqSCzRWHKsY7xJAzcZ5ISzceGAJHM3Ir JECQQbSIrmxDc+ZcXSeus5jo19/a8Uq8XcZTQETpGVeSiC1RH16iBmoig R/SMXtGb9WS9WO/Wx6x1ySpmDtAfWJ8/05iV8g==</latexit><latexit sha1_base64="+Mj8zeT lRRN+4qAqeKEyASiGFeE=">AAAB/3icbVBNS8NAEN34WetXVPDiZbEI9V ISEfRY8CJ4qWA/oI1hst20SzebsLsRSszBv+LFgyJe/Rve/Ddu2xy09cH A470ZZuYFCWdKO863tbS8srq2Xtoob25t7+zae/stFaeS0CaJeSw7ASjK maBNzTSnnURSiAJO28HoauK3H6hULBZ3epxQL4KBYCEjoI3k24e9IegMc j/ryQgzkd9n1ZvT3LcrTs2ZAi8StyAVVKDh21+9fkzSiApNOCjVdZ1Eex lIzQinebmXKpoAGcGAdg0VEFHlZdP7c3xilD4OY2lKaDxVf09kECk1jg LTGYEeqnlvIv7ndVMdXnoZE0mqqSCzRWHKsY7xJAzcZ5ISzceGAJHM3Ir JECQQbSIrmxDc+ZcXSeus5jo19/a8Uq8XcZTQETpGVeSiC1RH16iBmoig R/SMXtGb9WS9WO/Wx6x1ySpmDtAfWJ8/05iV8g==</latexit><latexit sha1_base64="+Mj8zeT lRRN+4qAqeKEyASiGFeE=">AAAB/3icbVBNS8NAEN34WetXVPDiZbEI9V ISEfRY8CJ4qWA/oI1hst20SzebsLsRSszBv+LFgyJe/Rve/Ddu2xy09cH A470ZZuYFCWdKO863tbS8srq2Xtoob25t7+zae/stFaeS0CaJeSw7ASjK maBNzTSnnURSiAJO28HoauK3H6hULBZ3epxQL4KBYCEjoI3k24e9IegMc j/ryQgzkd9n1ZvT3LcrTs2ZAi8StyAVVKDh21+9fkzSiApNOCjVdZ1Eex lIzQinebmXKpoAGcGAdg0VEFHlZdP7c3xilD4OY2lKaDxVf09kECk1jg LTGYEeqnlvIv7ndVMdXnoZE0mqqSCzRWHKsY7xJAzcZ5ISzceGAJHM3Ir JECQQbSIrmxDc+ZcXSeus5jo19/a8Uq8XcZTQETpGVeSiC1RH16iBmoig R/SMXtGb9WS9WO/Wx6x1ySpmDtAfWJ8/05iV8g==</latexit><latexit sha1_base64="+Mj8zeT lRRN+4qAqeKEyASiGFeE=">AAAB/3icbVBNS8NAEN34WetXVPDiZbEI9V ISEfRY8CJ4qWA/oI1hst20SzebsLsRSszBv+LFgyJe/Rve/Ddu2xy09cH A470ZZuYFCWdKO863tbS8srq2Xtoob25t7+zae/stFaeS0CaJeSw7ASjK maBNzTSnnURSiAJO28HoauK3H6hULBZ3epxQL4KBYCEjoI3k24e9IegMc j/ryQgzkd9n1ZvT3LcrTs2ZAi8StyAVVKDh21+9fkzSiApNOCjVdZ1Eex lIzQinebmXKpoAGcGAdg0VEFHlZdP7c3xilD4OY2lKaDxVf09kECk1jg LTGYEeqnlvIv7ndVMdXnoZE0mqqSCzRWHKsY7xJAzcZ5ISzceGAJHM3Ir JECQQbSIrmxDc+ZcXSeus5jo19/a8Uq8XcZTQETpGVeSiC1RH16iBmoig R/SMXtGb9WS9WO/Wx6x1ySpmDtAfWJ8/05iV8g==</latexit>
⌘2
<latexit sha1_base64="zcjOIE/0oMMCkeMI0B7XgIuClN 8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKewGQY8BLx4jmAckS5iddJIhsw9neoWw5Ce8eFDEq7/jzb9xkuxBEwsaiqp uuruCRElDrvvtFDY2t7Z3irulvf2Dw6Py8UnLxKkW2BSxinUn4AaVjLBJkhR2Eo08DBS2g8nt3G8/oTYyjh5omqAf8lEkh1 JwslIn6yHxfm3WL1fcqrsAWydeTiqQo9Evf/UGsUhDjEgobkzXcxPyM65JCoWzUi81mHAx4SPsWhrxEI2fLe6dsQurDNgw1 rYiYgv190TGQ2OmYWA7Q05js+rNxf+8bkrDGz+TUZISRmK5aJgqRjGbP88GUqMgNbWECy3trUyMueaCbEQlG4K3+vI6adWq nlv17q8q9XoeRxHO4BwuwYNrqMMdNKAJAhQ8wyu8OY/Oi/PufCxbC04+cwp/4Hz+APjNj+c=</latexit><latexit sha1_base64="zcjOIE/0oMMCkeMI0B7XgIuClN 8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKewGQY8BLx4jmAckS5iddJIhsw9neoWw5Ce8eFDEq7/jzb9xkuxBEwsaiqp uuruCRElDrvvtFDY2t7Z3irulvf2Dw6Py8UnLxKkW2BSxinUn4AaVjLBJkhR2Eo08DBS2g8nt3G8/oTYyjh5omqAf8lEkh1 JwslIn6yHxfm3WL1fcqrsAWydeTiqQo9Evf/UGsUhDjEgobkzXcxPyM65JCoWzUi81mHAx4SPsWhrxEI2fLe6dsQurDNgw1 rYiYgv190TGQ2OmYWA7Q05js+rNxf+8bkrDGz+TUZISRmK5aJgqRjGbP88GUqMgNbWECy3trUyMueaCbEQlG4K3+vI6adWq nlv17q8q9XoeRxHO4BwuwYNrqMMdNKAJAhQ8wyu8OY/Oi/PufCxbC04+cwp/4Hz+APjNj+c=</latexit><latexit sha1_base64="zcjOIE/0oMMCkeMI0B7XgIuClN 8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKewGQY8BLx4jmAckS5iddJIhsw9neoWw5Ce8eFDEq7/jzb9xkuxBEwsaiqp uuruCRElDrvvtFDY2t7Z3irulvf2Dw6Py8UnLxKkW2BSxinUn4AaVjLBJkhR2Eo08DBS2g8nt3G8/oTYyjh5omqAf8lEkh1 JwslIn6yHxfm3WL1fcqrsAWydeTiqQo9Evf/UGsUhDjEgobkzXcxPyM65JCoWzUi81mHAx4SPsWhrxEI2fLe6dsQurDNgw1 rYiYgv190TGQ2OmYWA7Q05js+rNxf+8bkrDGz+TUZISRmK5aJgqRjGbP88GUqMgNbWECy3trUyMueaCbEQlG4K3+vI6adWq nlv17q8q9XoeRxHO4BwuwYNrqMMdNKAJAhQ8wyu8OY/Oi/PufCxbC04+cwp/4Hz+APjNj+c=</latexit><latexit sha1_base64="zcjOIE/0oMMCkeMI0B7XgIuClN 8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKewGQY8BLx4jmAckS5iddJIhsw9neoWw5Ce8eFDEq7/jzb9xkuxBEwsaiqp uuruCRElDrvvtFDY2t7Z3irulvf2Dw6Py8UnLxKkW2BSxinUn4AaVjLBJkhR2Eo08DBS2g8nt3G8/oTYyjh5omqAf8lEkh1 JwslIn6yHxfm3WL1fcqrsAWydeTiqQo9Evf/UGsUhDjEgobkzXcxPyM65JCoWzUi81mHAx4SPsWhrxEI2fLe6dsQurDNgw1 rYiYgv190TGQ2OmYWA7Q05js+rNxf+8bkrDGz+TUZISRmK5aJgqRjGbP88GUqMgNbWECy3trUyMueaCbEQlG4K3+vI6adWq nlv17q8q9XoeRxHO4BwuwYNrqMMdNKAJAhQ8wyu8OY/Oi/PufCxbC04+cwp/4Hz+APjNj+c=</latexit>
|0i
<latexit sha1_base64="dwO3rkDxRtlYOCEBg76pfr9Sm6M=">AAAB/3icbV DLSgNBEJz1GeMrKnjxMhgET2FXBD0GvXiMYB6QXcLspDcZMju7zPQKYZODv+LFgyJe/Q1v/o2Tx0ETCxqKqm66u8JUCoOu++2srK6tb2wWtorbO7t7+6WDw4ZJM s2hzhOZ6FbIDEihoI4CJbRSDSwOJTTDwe3Ebz6CNiJRDzhMIYhZT4lIcIZW6pSOfQkRjqhLfS16ffQ1Uz0JnVLZrbhT0GXizUmZzFHrlL78bsKzGBRyyYxpe26K Qc40Ci5hXPQzAynjA9aDtqWKxWCCfHr/mJ5ZpUujRNtSSKfq74mcxcYM49B2xgz7ZtGbiP957Qyj6yAXKs0QFJ8tijJJMaGTMGhXaOAoh5YwroW9lfI+04yjjaxo Q/AWX14mjYuK51a8+8ty9WYeR4GckFNyTjxyRarkjtRInXAyIs/klbw5T86L8+58zFpXnPnMEfkD5/MHijeVyQ==</latexit><latexit sha1_base64="dwO3rkDxRtlYOCEBg76pfr9Sm6M=">AAAB/3icbV DLSgNBEJz1GeMrKnjxMhgET2FXBD0GvXiMYB6QXcLspDcZMju7zPQKYZODv+LFgyJe/Q1v/o2Tx0ETCxqKqm66u8JUCoOu++2srK6tb2wWtorbO7t7+6WDw4ZJM s2hzhOZ6FbIDEihoI4CJbRSDSwOJTTDwe3Ebz6CNiJRDzhMIYhZT4lIcIZW6pSOfQkRjqhLfS16ffQ1Uz0JnVLZrbhT0GXizUmZzFHrlL78bsKzGBRyyYxpe26K Qc40Ci5hXPQzAynjA9aDtqWKxWCCfHr/mJ5ZpUujRNtSSKfq74mcxcYM49B2xgz7ZtGbiP957Qyj6yAXKs0QFJ8tijJJMaGTMGhXaOAoh5YwroW9lfI+04yjjaxo Q/AWX14mjYuK51a8+8ty9WYeR4GckFNyTjxyRarkjtRInXAyIs/klbw5T86L8+58zFpXnPnMEfkD5/MHijeVyQ==</latexit><latexit sha1_base64="dwO3rkDxRtlYOCEBg76pfr9Sm6M=">AAAB/3icbV DLSgNBEJz1GeMrKnjxMhgET2FXBD0GvXiMYB6QXcLspDcZMju7zPQKYZODv+LFgyJe/Q1v/o2Tx0ETCxqKqm66u8JUCoOu++2srK6tb2wWtorbO7t7+6WDw4ZJM s2hzhOZ6FbIDEihoI4CJbRSDSwOJTTDwe3Ebz6CNiJRDzhMIYhZT4lIcIZW6pSOfQkRjqhLfS16ffQ1Uz0JnVLZrbhT0GXizUmZzFHrlL78bsKzGBRyyYxpe26K Qc40Ci5hXPQzAynjA9aDtqWKxWCCfHr/mJ5ZpUujRNtSSKfq74mcxcYM49B2xgz7ZtGbiP957Qyj6yAXKs0QFJ8tijJJMaGTMGhXaOAoh5YwroW9lfI+04yjjaxo Q/AWX14mjYuK51a8+8ty9WYeR4GckFNyTjxyRarkjtRInXAyIs/klbw5T86L8+58zFpXnPnMEfkD5/MHijeVyQ==</latexit><latexit sha1_base64="dwO3rkDxRtlYOCEBg76pfr9Sm6M=">AAAB/3icbV DLSgNBEJz1GeMrKnjxMhgET2FXBD0GvXiMYB6QXcLspDcZMju7zPQKYZODv+LFgyJe/Q1v/o2Tx0ETCxqKqm66u8JUCoOu++2srK6tb2wWtorbO7t7+6WDw4ZJM s2hzhOZ6FbIDEihoI4CJbRSDSwOJTTDwe3Ebz6CNiJRDzhMIYhZT4lIcIZW6pSOfQkRjqhLfS16ffQ1Uz0JnVLZrbhT0GXizUmZzFHrlL78bsKzGBRyyYxpe26K Qc40Ci5hXPQzAynjA9aDtqWKxWCCfHr/mJ5ZpUujRNtSSKfq74mcxcYM49B2xgz7ZtGbiP957Qyj6yAXKs0QFJ8tijJJMaGTMGhXaOAoh5YwroW9lfI+04yjjaxo Q/AWX14mjYuK51a8+8ty9WYeR4GckFNyTjxyRarkjtRInXAyIs/klbw5T86L8+58zFpXnPnMEfkD5/MHijeVyQ==</latexit>
aˆ
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in
<latexit sha1_base64="jvjnwh rR+qr6Jt5YU7OVt2WR/VE=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4t FqJeSiKDHghePFewHNDFsttt26WYTdidCiTn4V7x4UMSrf8Ob/8Ztm4 O2Phh4vDfDzLwwEVyD43xbpZXVtfWN8mZla3tnd8/eP2jrOFWUtWgs YtUNiWaCS9YCDoJ1E8VIFArWCcfXU7/zwJTmsbyDScL8iAwlH3BKwEi BfeSNCGQkDzJPRZjL/D6ruWd5YFedujMDXiZuQaqoQDOwv7x+TNOISa CCaN1znQT8jCjgVLC84qWaJYSOyZD1DJUkYtrPZvfn+NQofTyIlSkJe Kb+nshIpPUkCk1nRGCkF72p+J/XS2Fw5WdcJikwSeeLBqnAEONpGLjP FaMgJoYQqri5FdMRUYSCiaxiQnAXX14m7fO669Td24tqo1HEUUbH6A TVkIsuUQPdoCZqIYoe0TN6RW/Wk/VivVsf89aSVcwcoj+wPn8Aq/yV2 A==</latexit><latexit sha1_base64="jvjnwh rR+qr6Jt5YU7OVt2WR/VE=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4t FqJeSiKDHghePFewHNDFsttt26WYTdidCiTn4V7x4UMSrf8Ob/8Ztm4 O2Phh4vDfDzLwwEVyD43xbpZXVtfWN8mZla3tnd8/eP2jrOFWUtWgs YtUNiWaCS9YCDoJ1E8VIFArWCcfXU7/zwJTmsbyDScL8iAwlH3BKwEi BfeSNCGQkDzJPRZjL/D6ruWd5YFedujMDXiZuQaqoQDOwv7x+TNOISa CCaN1znQT8jCjgVLC84qWaJYSOyZD1DJUkYtrPZvfn+NQofTyIlSkJe Kb+nshIpPUkCk1nRGCkF72p+J/XS2Fw5WdcJikwSeeLBqnAEONpGLjP FaMgJoYQqri5FdMRUYSCiaxiQnAXX14m7fO669Td24tqo1HEUUbH6A TVkIsuUQPdoCZqIYoe0TN6RW/Wk/VivVsf89aSVcwcoj+wPn8Aq/yV2 A==</latexit><latexit sha1_base64="jvjnwh rR+qr6Jt5YU7OVt2WR/VE=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4t FqJeSiKDHghePFewHNDFsttt26WYTdidCiTn4V7x4UMSrf8Ob/8Ztm4 O2Phh4vDfDzLwwEVyD43xbpZXVtfWN8mZla3tnd8/eP2jrOFWUtWgs YtUNiWaCS9YCDoJ1E8VIFArWCcfXU7/zwJTmsbyDScL8iAwlH3BKwEi BfeSNCGQkDzJPRZjL/D6ruWd5YFedujMDXiZuQaqoQDOwv7x+TNOISa CCaN1znQT8jCjgVLC84qWaJYSOyZD1DJUkYtrPZvfn+NQofTyIlSkJe Kb+nshIpPUkCk1nRGCkF72p+J/XS2Fw5WdcJikwSeeLBqnAEONpGLjP FaMgJoYQqri5FdMRUYSCiaxiQnAXX14m7fO669Td24tqo1HEUUbH6A TVkIsuUQPdoCZqIYoe0TN6RW/Wk/VivVsf89aSVcwcoj+wPn8Aq/yV2 A==</latexit><latexit sha1_base64="jvjnwh rR+qr6Jt5YU7OVt2WR/VE=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4t FqJeSiKDHghePFewHNDFsttt26WYTdidCiTn4V7x4UMSrf8Ob/8Ztm4 O2Phh4vDfDzLwwEVyD43xbpZXVtfWN8mZla3tnd8/eP2jrOFWUtWgs YtUNiWaCS9YCDoJ1E8VIFArWCcfXU7/zwJTmsbyDScL8iAwlH3BKwEi BfeSNCGQkDzJPRZjL/D6ruWd5YFedujMDXiZuQaqoQDOwv7x+TNOISa CCaN1znQT8jCjgVLC84qWaJYSOyZD1DJUkYtrPZvfn+NQofTyIlSkJe Kb+nshIpPUkCk1nRGCkF72p+J/XS2Fw5WdcJikwSeeLBqnAEONpGLjP FaMgJoYQqri5FdMRUYSCiaxiQnAXX14m7fO669Td24tqo1HEUUbH6A TVkIsuUQPdoCZqIYoe0TN6RW/Wk/VivVsf89aSVcwcoj+wPn8Aq/yV2 A==</latexit>
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in
<latexit sha1_base64="EQDSYe0AYOYWgWOfKph/4LzNSt8=">AAA B/3icbVBNS8NAEN3Ur1q/ooIXL4tFqJeSiKDHghePFewHNDFsttN26WYTdjdCiTn4V7x4UMSrf8Ob/8Ztm4O2Phh4vDfDzLww4Uxpx/m2Siu ra+sb5c3K1vbO7p69f9BWcSoptGjMY9kNiQLOBLQ00xy6iQQShRw64fh66nceQCoWizs9ScCPyFCwAaNEGymwj7wR0RnkQebJCDOR32c19yw P7KpTd2bAy8QtSBUVaAb2l9ePaRqB0JQTpXquk2g/I1IzyiGveKmChNAxGULPUEEiUH42uz/Hp0bp40EsTQmNZ+rviYxESk2i0HRGRI/UojcV //N6qR5c+RkTSapB0PmiQcqxjvE0DNxnEqjmE0MIlczciumISEK1iaxiQnAXX14m7fO669Td24tqo1HEUUbH6ATVkIsuUQPdoCZqIYoe0TN6 RW/Wk/VivVsf89aSVcwcoj+wPn8AskyV3A==</latexit><latexit sha1_base64="EQDSYe0AYOYWgWOfKph/4LzNSt8=">AAA B/3icbVBNS8NAEN3Ur1q/ooIXL4tFqJeSiKDHghePFewHNDFsttN26WYTdjdCiTn4V7x4UMSrf8Ob/8Ztm4O2Phh4vDfDzLww4Uxpx/m2Siu ra+sb5c3K1vbO7p69f9BWcSoptGjMY9kNiQLOBLQ00xy6iQQShRw64fh66nceQCoWizs9ScCPyFCwAaNEGymwj7wR0RnkQebJCDOR32c19yw P7KpTd2bAy8QtSBUVaAb2l9ePaRqB0JQTpXquk2g/I1IzyiGveKmChNAxGULPUEEiUH42uz/Hp0bp40EsTQmNZ+rviYxESk2i0HRGRI/UojcV //N6qR5c+RkTSapB0PmiQcqxjvE0DNxnEqjmE0MIlczciumISEK1iaxiQnAXX14m7fO669Td24tqo1HEUUbH6ATVkIsuUQPdoCZqIYoe0TN6 RW/Wk/VivVsf89aSVcwcoj+wPn8AskyV3A==</latexit><latexit sha1_base64="EQDSYe0AYOYWgWOfKph/4LzNSt8=">AAA B/3icbVBNS8NAEN3Ur1q/ooIXL4tFqJeSiKDHghePFewHNDFsttN26WYTdjdCiTn4V7x4UMSrf8Ob/8Ztm4O2Phh4vDfDzLww4Uxpx/m2Siu ra+sb5c3K1vbO7p69f9BWcSoptGjMY9kNiQLOBLQ00xy6iQQShRw64fh66nceQCoWizs9ScCPyFCwAaNEGymwj7wR0RnkQebJCDOR32c19yw P7KpTd2bAy8QtSBUVaAb2l9ePaRqB0JQTpXquk2g/I1IzyiGveKmChNAxGULPUEEiUH42uz/Hp0bp40EsTQmNZ+rviYxESk2i0HRGRI/UojcV //N6qR5c+RkTSapB0PmiQcqxjvE0DNxnEqjmE0MIlczciumISEK1iaxiQnAXX14m7fO669Td24tqo1HEUUbH6ATVkIsuUQPdoCZqIYoe0TN6 RW/Wk/VivVsf89aSVcwcoj+wPn8AskyV3A==</latexit><latexit sha1_base64="EQDSYe0AYOYWgWOfKph/4LzNSt8=">AAA B/3icbVBNS8NAEN3Ur1q/ooIXL4tFqJeSiKDHghePFewHNDFsttN26WYTdjdCiTn4V7x4UMSrf8Ob/8Ztm4O2Phh4vDfDzLww4Uxpx/m2Siu ra+sb5c3K1vbO7p69f9BWcSoptGjMY9kNiQLOBLQ00xy6iQQShRw64fh66nceQCoWizs9ScCPyFCwAaNEGymwj7wR0RnkQebJCDOR32c19yw P7KpTd2bAy8QtSBUVaAb2l9ePaRqB0JQTpXquk2g/I1IzyiGveKmChNAxGULPUEEiUH42uz/Hp0bp40EsTQmNZ+rviYxESk2i0HRGRI/UojcV //N6qR5c+RkTSapB0PmiQcqxjvE0DNxnEqjmE0MIlczciumISEK1iaxiQnAXX14m7fO669Td24tqo1HEUUbH6ATVkIsuUQPdoCZqIYoe0TN6 RW/Wk/VivVsf89aSVcwcoj+wPn8AskyV3A==</latexit>
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<latexit sha1_base64="wpnCfoJOUmFFWPvfBgMD3nEa2bA=">AAACAHicb VBNS8NAEN34WetX1IMHL4tFqJeSiKDHghePFewHNDFstpt26W4SdidCCbn4V7x4UMSrP8Ob/8Ztm4O2Phh4vDfDzLwwFVyD43xbK6tr6xubla3q9s7u3r59cN jRSaYoa9NEJKoXEs0Ej1kbOAjWSxUjMhSsG45vpn73kSnNk/geJinzJRnGPOKUgJEC+9gbEchZEeSekjjJoHjI6+55Edg1p+HMgJeJW5IaKtEK7C9vkNBMsh ioIFr3XScFPycKOBWsqHqZZimhYzJkfUNjIpn289kDBT4zygBHiTIVA56pvydyIrWeyNB0SgIjvehNxf+8fgbRtZ/zOM2AxXS+KMoEhgRP08ADrhgFMTGEUMX NrZiOiCIUTGZVE4K7+PIy6Vw0XKfh3l3Wms0yjgo6Qaeojlx0hZroFrVQG1FUoGf0it6sJ+vFerc+5q0rVjlzhP7A+vwBpKiWZw==</latexit><latexit sha1_base64="wpnCfoJOUmFFWPvfBgMD3nEa2bA=">AAACAHicb VBNS8NAEN34WetX1IMHL4tFqJeSiKDHghePFewHNDFstpt26W4SdidCCbn4V7x4UMSrP8Ob/8Ztm4O2Phh4vDfDzLwwFVyD43xbK6tr6xubla3q9s7u3r59cN jRSaYoa9NEJKoXEs0Ej1kbOAjWSxUjMhSsG45vpn73kSnNk/geJinzJRnGPOKUgJEC+9gbEchZEeSekjjJoHjI6+55Edg1p+HMgJeJW5IaKtEK7C9vkNBMsh ioIFr3XScFPycKOBWsqHqZZimhYzJkfUNjIpn289kDBT4zygBHiTIVA56pvydyIrWeyNB0SgIjvehNxf+8fgbRtZ/zOM2AxXS+KMoEhgRP08ADrhgFMTGEUMX NrZiOiCIUTGZVE4K7+PIy6Vw0XKfh3l3Wms0yjgo6Qaeojlx0hZroFrVQG1FUoGf0it6sJ+vFerc+5q0rVjlzhP7A+vwBpKiWZw==</latexit><latexit sha1_base64="wpnCfoJOUmFFWPvfBgMD3nEa2bA=">AAACAHicb VBNS8NAEN34WetX1IMHL4tFqJeSiKDHghePFewHNDFstpt26W4SdidCCbn4V7x4UMSrP8Ob/8Ztm4O2Phh4vDfDzLwwFVyD43xbK6tr6xubla3q9s7u3r59cN jRSaYoa9NEJKoXEs0Ej1kbOAjWSxUjMhSsG45vpn73kSnNk/geJinzJRnGPOKUgJEC+9gbEchZEeSekjjJoHjI6+55Edg1p+HMgJeJW5IaKtEK7C9vkNBMsh ioIFr3XScFPycKOBWsqHqZZimhYzJkfUNjIpn289kDBT4zygBHiTIVA56pvydyIrWeyNB0SgIjvehNxf+8fgbRtZ/zOM2AxXS+KMoEhgRP08ADrhgFMTGEUMX NrZiOiCIUTGZVE4K7+PIy6Vw0XKfh3l3Wms0yjgo6Qaeojlx0hZroFrVQG1FUoGf0it6sJ+vFerc+5q0rVjlzhP7A+vwBpKiWZw==</latexit><latexit sha1_base64="wpnCfoJOUmFFWPvfBgMD3nEa2bA=">AAACAHicb VBNS8NAEN34WetX1IMHL4tFqJeSiKDHghePFewHNDFstpt26W4SdidCCbn4V7x4UMSrP8Ob/8Ztm4O2Phh4vDfDzLwwFVyD43xbK6tr6xubla3q9s7u3r59cN jRSaYoa9NEJKoXEs0Ej1kbOAjWSxUjMhSsG45vpn73kSnNk/geJinzJRnGPOKUgJEC+9gbEchZEeSekjjJoHjI6+55Edg1p+HMgJeJW5IaKtEK7C9vkNBMsh ioIFr3XScFPycKOBWsqHqZZimhYzJkfUNjIpn289kDBT4zygBHiTIVA56pvydyIrWeyNB0SgIjvehNxf+8fgbRtZ/zOM2AxXS+KMoEhgRP08ADrhgFMTGEUMX NrZiOiCIUTGZVE4K7+PIy6Vw0XKfh3l3Wms0yjgo6Qaeojlx0hZroFrVQG1FUoGf0it6sJ+vFerc+5q0rVjlzhP7A+vwBpKiWZw==</latexit>
aˆ
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out
<latexit sha1_base64="krATF0UN+jjiVsqkNtEBiYY+Z9Y=">A AACAHicbVBNS8NAEN34WetX1IMHL4tFqJeSiKDHghePFewHNDFstpt26W4SdidCCbn4V7x4UMSrP8Ob/8Ztm4O2Phh4vDfDzLwwFVyD43 xbK6tr6xubla3q9s7u3r59cNjRSaYoa9NEJKoXEs0Ej1kbOAjWSxUjMhSsG45vpn73kSnNk/geJinzJRnGPOKUgJEC+9gbEchJEeSekj jJoHjI6+55Edg1p+HMgJeJW5IaKtEK7C9vkNBMshioIFr3XScFPycKOBWsqHqZZimhYzJkfUNjIpn289kDBT4zygBHiTIVA56pvydyIrW eyNB0SgIjvehNxf+8fgbRtZ/zOM2AxXS+KMoEhgRP08ADrhgFMTGEUMXNrZiOiCIUTGZVE4K7+PIy6Vw0XKfh3l3Wms0yjgo6Qaeojlx0 hZroFrVQG1FUoGf0it6sJ+vFerc+5q0rVjlzhP7A+vwBnlSWYw==</latexit><latexit sha1_base64="krATF0UN+jjiVsqkNtEBiYY+Z9Y=">A AACAHicbVBNS8NAEN34WetX1IMHL4tFqJeSiKDHghePFewHNDFstpt26W4SdidCCbn4V7x4UMSrP8Ob/8Ztm4O2Phh4vDfDzLwwFVyD43 xbK6tr6xubla3q9s7u3r59cNjRSaYoa9NEJKoXEs0Ej1kbOAjWSxUjMhSsG45vpn73kSnNk/geJinzJRnGPOKUgJEC+9gbEchJEeSekj jJoHjI6+55Edg1p+HMgJeJW5IaKtEK7C9vkNBMshioIFr3XScFPycKOBWsqHqZZimhYzJkfUNjIpn289kDBT4zygBHiTIVA56pvydyIrW eyNB0SgIjvehNxf+8fgbRtZ/zOM2AxXS+KMoEhgRP08ADrhgFMTGEUMXNrZiOiCIUTGZVE4K7+PIy6Vw0XKfh3l3Wms0yjgo6Qaeojlx0 hZroFrVQG1FUoGf0it6sJ+vFerc+5q0rVjlzhP7A+vwBnlSWYw==</latexit><latexit sha1_base64="krATF0UN+jjiVsqkNtEBiYY+Z9Y=">A AACAHicbVBNS8NAEN34WetX1IMHL4tFqJeSiKDHghePFewHNDFstpt26W4SdidCCbn4V7x4UMSrP8Ob/8Ztm4O2Phh4vDfDzLwwFVyD43 xbK6tr6xubla3q9s7u3r59cNjRSaYoa9NEJKoXEs0Ej1kbOAjWSxUjMhSsG45vpn73kSnNk/geJinzJRnGPOKUgJEC+9gbEchJEeSekj jJoHjI6+55Edg1p+HMgJeJW5IaKtEK7C9vkNBMshioIFr3XScFPycKOBWsqHqZZimhYzJkfUNjIpn289kDBT4zygBHiTIVA56pvydyIrW eyNB0SgIjvehNxf+8fgbRtZ/zOM2AxXS+KMoEhgRP08ADrhgFMTGEUMXNrZiOiCIUTGZVE4K7+PIy6Vw0XKfh3l3Wms0yjgo6Qaeojlx0 hZroFrVQG1FUoGf0it6sJ+vFerc+5q0rVjlzhP7A+vwBnlSWYw==</latexit><latexit sha1_base64="krATF0UN+jjiVsqkNtEBiYY+Z9Y=">A AACAHicbVBNS8NAEN34WetX1IMHL4tFqJeSiKDHghePFewHNDFstpt26W4SdidCCbn4V7x4UMSrP8Ob/8Ztm4O2Phh4vDfDzLwwFVyD43 xbK6tr6xubla3q9s7u3r59cNjRSaYoa9NEJKoXEs0Ej1kbOAjWSxUjMhSsG45vpn73kSnNk/geJinzJRnGPOKUgJEC+9gbEchJEeSekj jJoHjI6+55Edg1p+HMgJeJW5IaKtEK7C9vkNBMshioIFr3XScFPycKOBWsqHqZZimhYzJkfUNjIpn289kDBT4zygBHiTIVA56pvydyIrW eyNB0SgIjvehNxf+8fgbRtZ/zOM2AxXS+KMoEhgRP08ADrhgFMTGEUMXNrZiOiCIUTGZVE4K7+PIy6Vw0XKfh3l3Wms0yjgo6Qaeojlx0 hZroFrVQG1FUoGf0it6sJ+vFerc+5q0rVjlzhP7A+vwBnlSWYw==</latexit>
⌘1
<latexit sha1_base64="p7DGDyFzK25/KxadAjMZNiuLuh I=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jGCeUCyhNlJbzJk9uFMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdV Nd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw789tPqI1M4geapOhHfBjLUA pOVurkPSTe96b9StWtuXOwVeIVpAoFGv3KV2+QiCzCmITixnQ9NyU/55qkUDgt9zKDKRdjPsSupTGP0Pj5/N4pO7fKgIWJt hUTm6u/J3IeGTOJAtsZcRqZZW8m/ud1Mwpv/FzGaUYYi8WiMFOMEjZ7ng2kRkFqYgkXWtpbmRhxzQXZiMo2BG/55VXSuqx5 bs27v6rW60UcJTiFM7gAD66hDnfQgCYIUPAMr/DmPDovzrvzsWhdc4qZE/gD5/MH90iP5g==</latexit><latexit sha1_base64="p7DGDyFzK25/KxadAjMZNiuLuh I=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jGCeUCyhNlJbzJk9uFMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdV Nd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw789tPqI1M4geapOhHfBjLUA pOVurkPSTe96b9StWtuXOwVeIVpAoFGv3KV2+QiCzCmITixnQ9NyU/55qkUDgt9zKDKRdjPsSupTGP0Pj5/N4pO7fKgIWJt hUTm6u/J3IeGTOJAtsZcRqZZW8m/ud1Mwpv/FzGaUYYi8WiMFOMEjZ7ng2kRkFqYgkXWtpbmRhxzQXZiMo2BG/55VXSuqx5 bs27v6rW60UcJTiFM7gAD66hDnfQgCYIUPAMr/DmPDovzrvzsWhdc4qZE/gD5/MH90iP5g==</latexit><latexit sha1_base64="p7DGDyFzK25/KxadAjMZNiuLuh I=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jGCeUCyhNlJbzJk9uFMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdV Nd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw789tPqI1M4geapOhHfBjLUA pOVurkPSTe96b9StWtuXOwVeIVpAoFGv3KV2+QiCzCmITixnQ9NyU/55qkUDgt9zKDKRdjPsSupTGP0Pj5/N4pO7fKgIWJt hUTm6u/J3IeGTOJAtsZcRqZZW8m/ud1Mwpv/FzGaUYYi8WiMFOMEjZ7ng2kRkFqYgkXWtpbmRhxzQXZiMo2BG/55VXSuqx5 bs27v6rW60UcJTiFM7gAD66hDnfQgCYIUPAMr/DmPDovzrvzsWhdc4qZE/gD5/MH90iP5g==</latexit><latexit sha1_base64="p7DGDyFzK25/KxadAjMZNiuLuh I=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jGCeUCyhNlJbzJk9uFMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdV Nd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw789tPqI1M4geapOhHfBjLUA pOVurkPSTe96b9StWtuXOwVeIVpAoFGv3KV2+QiCzCmITixnQ9NyU/55qkUDgt9zKDKRdjPsSupTGP0Pj5/N4pO7fKgIWJt hUTm6u/J3IeGTOJAtsZcRqZZW8m/ud1Mwpv/FzGaUYYi8WiMFOMEjZ7ng2kRkFqYgkXWtpbmRhxzQXZiMo2BG/55VXSuqx5 bs27v6rW60UcJTiFM7gAD66hDnfQgCYIUPAMr/DmPDovzrvzsWhdc4qZE/gD5/MH90iP5g==</latexit>
FIG. 1. General ancilla-assisted parallel strategy for loss
sensing: A joint probe state of the signal (red) and ancilla
(yellow) modes A is prepared. Each signal mode queries
one of K beam splitters with unknown transmittances η =(η1, . . . ηK). The output signal modes and ancilla modes are
jointly measured to yield an estimate ηˇ of η. The input envi-
ronment modes (green) entering the beam splitters are in the
vacuum state, the output environment modes are inaccessi-
ble, and multiple signal modes (not shown) may query each
beam splitter.
with Mk the total number of signal modes probing the k-
th loss element. In the Schro¨dinger picture, this evolution
is generated by the unitary operator
Uˆ (m)(φk) = exp [−iφk (aˆ(m)†eˆ(m) + aˆ(m)eˆ(m)†)] , (2)
where the “angle” parameter φk ∈ [0, pi/2] satisfies
cosφk = √ηk. For an initial vacuum environment state,
the evolution defines a quantum channel Lηk on the sig-
nal mode that maps an input state ρ to the output stateLηk(ρ) with Wigner characteristic function
χout(ξ) = χin(√ηk ξ) e−(1−ηk)∣ξ∣2/2 for ξ ∈ C, (3)
where χin(ξ) = Tr ρ eξaˆ(m)†in −ξ∗aˆ(m)in is the characteristic
function of ρ.
Without loss of generality, we assume that the sig-
nal (S) and ancilla (A) modes are in a joint pure
state ∣ψ⟩ (viz., the probe) satisfying the energy con-
straints ⟨ψ∣Nˆk ∣ψ⟩ = Nk for k = 1, . . . ,K, where Nˆk =∑Mkmodes aˆ(m)†aˆ(m) is the total photon number opera-
tor of the signal modes probing the k-th loss element.
Including the environment (E) modes (initially in the
multimode vacuum state ∣0⟩E) and the ancilla modes,
the output state of the total system ASE is given by
σφ = ∣Ψφ⟩ ⟨Ψφ∣ASE , where∣Ψφ⟩ASE = IˆA ⊗ (⊗Kk=1 ⊗Mkm=1 Uˆ (m)(φk)) ∣ψ⟩AS ∣0⟩E , (4)
IˆA is the identity operator on the ancilla system, and
φ = (φ1, . . . , φK). Since the output environment modes
are actually inaccessible, the measured output state is
ρφ = TrE σφ.
The state family {ρφ} gives rise to the corresponding
multi-parameter quantum Crame´r-Rao bound (QCRB)
[1, 13, 14]. Briefly, for each parameter φi, there exists
a Hermitian operator Lˆi (that depends on φ in gen-
eral) called the symmetric logarithmic derivative (SLD)
satisfying ∂iρφ ≡ ∂ρφ/∂φi = (ρφLˆi + Lˆiρφ) /2. The
quantum Fisher information matrix (QFIM) K is the
K ×K matrix with ij-th matrix element given by Kij =
Tr ρφ (LˆiLˆj + LˆjLˆi) /2. Consider any measurement ap-
plied to the output modes resulting in an estimate vec-
tor φˇ = (φˇ1, . . . , φˇK) for φ. The error covariance ma-
trix Σ of the estimate has the matrix elements Σij =
E [(φˇi − φi) (φˇj − φj)], where E denotes statistical expec-
tation over the measurement results. For an unbiased
estimate, i.e., if E [φˇi] = φi for all φ and i, the QCRB is
the matrix inequality Σ ≥ K−1. For any K ×K positive
semidefinite cost matrix G, the QCRB implies that the
scalar cost tr GΣ ≥ tr GK−1 for any unbiased estimator
φˇ [15]. The SLD operators in terms of the transmittance
parametrization η = (η1, . . . , ηK) are related to those of
the angle parametrization via Lˆ
(η)
k = ∂φk∂ηk Lˆk and result
in a different QFIM and QCRB. We will indicate which
parametrization is being used by a subscript or super-
script where necessary.
The estimation of a single loss parameter has been
studied before [16–22] (see [2] for a review), but not in
the generality considered here. Thus, ref. [16] focused
on measurement optimization, [17] on specific probes
and measurements, [18] studied single-mode Gaussian-
state probes, while [19] considered optimizing the state
of a single-signal-mode probe. Refs. [20] and [21] stud-
ied ancilla-assisted schemes using Gaussian probes, while
[22] studied joint estimation of loss and phase using a sin-
gle signal-ancilla mode pair. Thus, none of these works
addressed the general multimode ancilla-assisted parallel
strategy for multi-parameter loss estimation.
Upper bound on the QFIM – We first obtain an up-
per bound (in the matrix-inequality sense) on the QFIM
for estimating φ, extending the approach of Monras
and Paris [18] for the single-parameter case. Suppose
that the output environment modes {eˆ(m)out }M
m=1 are ac-
cessible. From Eq. (4), the purified output state σφ =
e−i∑k φkHˆk σ ei∑k φkHˆk for σ = ∣ψ⟩ ⟨ψ∣AS ⊗ ∣0⟩ ⟨0∣E and
Hˆk = IˆA ⊗ (∑Mkm=1 aˆ(m)† eˆ(m) + aˆ(m) eˆ(m)†). Since σφ is
pure, differentiating σ2φ = σφ implies that an SLD op-
erator ˆ`k for φk is ˆ`k = 2∂kσφ = 2i [σφ, Hˆk]. A direct
calculation of the ij-th matrix element of the QFIMK̃ij = Tr σφ (ˆ`i ˆ`j + ˆ`j ˆ`i) /2 (the tilde denotes that this
matrix is calculated assuming access to the environ-
ment modes) gives K̃ij = 4 ⟨ψ∣ (∑Mkm=1 aˆ(m)† aˆ(m)) ∣ψ⟩ δij =
34Ni δij , where Ni is the total energy of ∣ψ⟩ in the signal
modes probing the i-th beam splitter. The monotonicity
of the QFIM [23] under partial trace over E implies that
the true QFIM matrix Kφ satisfies
Kφ ≤ K̃φ = 4 diag(N1, . . . ,NK). (5)
Note that this bound is valid for any probe state with
the given signal energy distribution and is independent of
the values of {Mk}Kk=1. We refer to (5) as the generalized
Monras-Paris (MP) limit.
The performance of NDS probes: We now exhibit
probes saturating the limit (5). Consider first the case
of a single beam splitter probed by a pure joint signal-
ancilla state ∣ψ⟩ with M signal modes. It is easily seen
that any such ∣ψ⟩ can be written as
∣ψ⟩ = ∑
n≥0
√
pn ∣χn⟩A ∣n⟩S , (6)
where ∣n⟩S = ∣n1⟩S1 ∣n2⟩S2 ⋯ ∣nM ⟩SM is an M -mode num-
ber state of S, {∣χn⟩A} are normalized (not necessarily
orthogonal) states of A, and pn is the probability distri-
bution of n. The energy constraint takes the form
∞∑
n=0npn = N ; for pn = ∑n ∶n1+...+nM=npn (7)
the probability mass function of the total photon number
in the signal modes. For any transmittance value η(φ),
we can write the output state (4) explicitly as
∣Ψφ⟩ASE =∑
l≥0 ∣ψφ;l⟫AS ∣l⟩E , (8)
where
∣ψφ;l⟫AS =∑
n≥l
√
pnBη(n, l) ∣χn⟩A ∣n − l⟩S (9)
are unnormalized states of AS, Bη(n, l) =
ΠMm=1(nmlm )ηnm−lm(1 − η)lm is a product of binomial
probabilities, and n ≥ l is to be understood component-
wise. Since ⟪ψφ;l∣ψφ′;l⟫ ≥ 0, the fidelity between the
purified output states corresponding to a pair of values
η(φ) and η′(φ′) equals
F (σφ, σφ′) ≡ Tr √√σφσφ′√σφ =∑
l≥0⟪ψφ;l∣ψφ′;l⟫ . (10)
The reduced state of the AS system is given by ρφ =
TrE σφ = ∑l ∣ψφ;l⟫⟪ψφ;l∣. Probes ∣ψ⟩ for which the{∣χn⟩A} are orthonormal are called Number Diagonal
Signal (NDS) states [24, 25] since the reduced state on
S is then number-diagonal. For such probes, we have⟪ψφ;l∣ψφ′;l′⟫ = ⟪ψφ;l∣ψφ′;l⟫ δl,l′ from (9), and the output
fidelity evaluates to (see also [24] for the latter equality)
F (ρφ, ρφ′) =∑
l≥0⟪ψφ;l∣ψφ′;l⟫ =
∞∑
n=0pnµn, (11)
where µ = √η η′ +√(1 − η)(1 − η′) = cos (φ′ − φ) ∈ [0,1].
Significantly, the middle expression equals the fidelity
(10) between the output states on ASE. The QFI can
now be calculated as
Kφ = −4∂2F (ρφ, ρφ′)/∂φ′2∣φ′=φ = 4N, (12)
where the first equality is a general relation between fi-
delity and QFI [26], and the latter follows from (11). We
have thus shown that for NDS probes, the QFI with or
without environmental access is equal to the MP limit
for all values of φ, N , and M .
For M = 1 and integer N , taking pN = 1 in (6) recov-
ers the number-state optimality result of [19]. However,
for non-integer N and in particular for N < 1, the unen-
tangled states proposed in [19] are suboptimal if ancilla
entanglement is allowed. The two-mode squeezed vac-
uum (TMSV) state is an NDS probe and its QFI was
computed by different techniques [21], although its op-
timality was not pointed out. Our result implies that
these are just two examples among an infinity of optimal
probes.
For the multiparameter case φ = (φ1, . . . , φK) with the
given energy budget {Nk}, consider the product probe
state ⊗Kk=1ρ(k) for ρ(k) = ∣ψ(k)⟩ ⟨ψ(k)∣ with ∣ψ(k)⟩ any NDS
probe of signal energy Nk. For the resulting output state
family {ρφ = ⊗Kk=1ρ(k)φk }, it is readily seen that the k-th
SLD operator Λˆk = Iˆ ⊗⋯⊗ Lˆk ⊗⋯⊗ Iˆ for Lˆk satisfying
∂kρ
(k)
φk
= (Lˆk ρ(k)φk + ρ(k)φk Lˆk) /2. The SLDs are commuting
and the ij-th element of the QFIM is:
(Kφ)ij = Tr ρφ Λˆi Λˆj = 4Ni δij , (13)
where we have used Tr ρ
(k)
φk
Lˆk = 0 for all k and the single-
parameter result Tr ρ
(k)
φk
Lˆ2k = 4Nk. Thus, the product
probe ⊗Kk=1ρ(k) achieves the generalized MP limit (5).
Since the SLDs commute and the QFIM is diagonal, there
is no obstacle to the simultaneous achievement of the
QCR bounds for the parameters [13, 27].
In the transmittance parametrization, the optimal
QFIM is given by Kη = diag ( N1η1(1−η1) ,⋯, NKηK(1−ηK)) . In
comparison, the QFIM for a product coherent-state input
with the given energies is KCSη = diag (N1/η1,⋯,NK/ηK)
so that a large advantage is available if ηk ≃ 1.
Optimal measurement and practical probes – For any
state family {ρφ}, measuring the basis corresponding to
the SLD achieves the QFI [26], but this basis may be
parameter-dependent and thus of limited use [28]. For a
single parameter and an NDS probe of the form (6), con-
sider jointly measuring at the output its Schmidt bases,
i.e., the basis {∣χn⟩A} on A and the number basis {∣n⟩S}
on S. Such a measurement yields a pair (N,Q), where N
denotes the index of the measured ∣χn⟩A and Q =N−L is
the measured photon number in S. The classical Fisher
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<latexit sha1_base64="dA 2FKbeXVO0+4EjokscbOtCDkYk=">AAACBHicbVC7SgNBFJ 31GeNr1TLNYBCswq4IWgZtLCOYB2RDmJ3c3QyZnV1m7gohp rDxV2wsFLH1I+z8GyePQhMPXO7hnHuZuSfMpDDoed/Oyur a+sZmYau4vbO7t+8eHDZMmmsOdZ7KVLdCZkAKBXUUKKGVa WBJKKEZDq4nfvMetBGpusNhBp2ExUpEgjO0UtctBRIipA80 yIyggRZxH21jKpbQdctexZuCLhN/TspkjlrX/Qp6Kc8TUM glM6btexl2Rkyj4BLGxSA3kDE+YDG0LVUsAdMZTY8Y0xOr9 GiUalsK6VT9vTFiiTHDJLSTCcO+WfQm4n9eO8fosjMSKss RFJ89FOWSYkonidCe0MBRDi1hXAv7V8r7TDOONreiDcFfP HmZNM4qvlfxb8/L1at5HAVSIsfklPjkglTJDamROuHkkTyT V/LmPDkvzrvzMRtdceY7R+QPnM8fCpSXsw==</latexit><latexit sha1_base64="dA 2FKbeXVO0+4EjokscbOtCDkYk=">AAACBHicbVC7SgNBFJ 31GeNr1TLNYBCswq4IWgZtLCOYB2RDmJ3c3QyZnV1m7gohp rDxV2wsFLH1I+z8GyePQhMPXO7hnHuZuSfMpDDoed/Oyur a+sZmYau4vbO7t+8eHDZMmmsOdZ7KVLdCZkAKBXUUKKGVa WBJKKEZDq4nfvMetBGpusNhBp2ExUpEgjO0UtctBRIipA80 yIyggRZxH21jKpbQdctexZuCLhN/TspkjlrX/Qp6Kc8TUM glM6btexl2Rkyj4BLGxSA3kDE+YDG0LVUsAdMZTY8Y0xOr9 GiUalsK6VT9vTFiiTHDJLSTCcO+WfQm4n9eO8fosjMSKss RFJ89FOWSYkonidCe0MBRDi1hXAv7V8r7TDOONreiDcFfP HmZNM4qvlfxb8/L1at5HAVSIsfklPjkglTJDamROuHkkTyT V/LmPDkvzrvzMRtdceY7R+QPnM8fCpSXsw==</latexit><latexit sha1_base64="dA 2FKbeXVO0+4EjokscbOtCDkYk=">AAACBHicbVC7SgNBFJ 31GeNr1TLNYBCswq4IWgZtLCOYB2RDmJ3c3QyZnV1m7gohp rDxV2wsFLH1I+z8GyePQhMPXO7hnHuZuSfMpDDoed/Oyur a+sZmYau4vbO7t+8eHDZMmmsOdZ7KVLdCZkAKBXUUKKGVa WBJKKEZDq4nfvMetBGpusNhBp2ExUpEgjO0UtctBRIipA80 yIyggRZxH21jKpbQdctexZuCLhN/TspkjlrX/Qp6Kc8TUM glM6btexl2Rkyj4BLGxSA3kDE+YDG0LVUsAdMZTY8Y0xOr9 GiUalsK6VT9vTFiiTHDJLSTCcO+WfQm4n9eO8fosjMSKss RFJ89FOWSYkonidCe0MBRDi1hXAv7V8r7TDOONreiDcFfP HmZNM4qvlfxb8/L1at5HAVSIsfklPjkglTJDamROuHkkTyT V/LmPDkvzrvzMRtdceY7R+QPnM8fCpSXsw==</latexit><latexit sha1_base64="dA 2FKbeXVO0+4EjokscbOtCDkYk=">AAACBHicbVC7SgNBFJ 31GeNr1TLNYBCswq4IWgZtLCOYB2RDmJ3c3QyZnV1m7gohp rDxV2wsFLH1I+z8GyePQhMPXO7hnHuZuSfMpDDoed/Oyur a+sZmYau4vbO7t+8eHDZMmmsOdZ7KVLdCZkAKBXUUKKGVa WBJKKEZDq4nfvMetBGpusNhBp2ExUpEgjO0UtctBRIipA80 yIyggRZxH21jKpbQdctexZuCLhN/TspkjlrX/Qp6Kc8TUM glM6btexl2Rkyj4BLGxSA3kDE+YDG0LVUsAdMZTY8Y0xOr9 GiUalsK6VT9vTFiiTHDJLSTCcO+WfQm4n9eO8fosjMSKss RFJ89FOWSYkonidCe0MBRDi1hXAv7V8r7TDOONreiDcFfP HmZNM4qvlfxb8/L1at5HAVSIsfklPjkglTJDamROuHkkTyT V/LmPDkvzrvzMRtdceY7R+QPnM8fCpSXsw==</latexit>
⇢⌘ (⇢⌘0)
<latexit sha1_base64="KyIWnHFnyrX0A0g1U5ktiefPscE=">AAACD3icbVDJSgNBEO2JW4zbqEcvjUGNlzAjgh6 DXjxGMAtkQujp1CRNeha6a4Qw5A+8+CtePCji1as3/8bOAmrig4LHe1VU1fMTKTQ6zpeVW1peWV3Lrxc2Nre2d+zdvbqOU8WhxmMZq6bPNEgRQQ0FSmgmCljoS2j4g+ux37gHpUUc3eEwgXbIepEIBGdopI597Kl+3Mk8QDainoQAS/RHOhl 5SvT6eNqxi07ZmYAuEndGimSGasf+9LoxT0OIkEumdct1EmxnTKHgEkYFL9WQMD5gPWgZGrEQdDub/DOiR0bp0iBWpiKkE/X3RMZCrYehbzpDhn09743F/7xWisFlOxNRkiJEfLooSCXFmI7DoV2hgKMcGsK4EuZWyvtMMY4mwoIJwZ1/eZH Uz8quU3Zvz4uVq1kceXJADkmJuOSCVMgNqZIa4eSBPJEX8mo9Ws/Wm/U+bc1Zs5l98gfWxzfY1pyE</latexit><latexit sha1_base64="KyIWnHFnyrX0A0g1U5ktiefPscE=">AAACD3icbVDJSgNBEO2JW4zbqEcvjUGNlzAjgh6 DXjxGMAtkQujp1CRNeha6a4Qw5A+8+CtePCji1as3/8bOAmrig4LHe1VU1fMTKTQ6zpeVW1peWV3Lrxc2Nre2d+zdvbqOU8WhxmMZq6bPNEgRQQ0FSmgmCljoS2j4g+ux37gHpUUc3eEwgXbIepEIBGdopI597Kl+3Mk8QDainoQAS/RHOhl 5SvT6eNqxi07ZmYAuEndGimSGasf+9LoxT0OIkEumdct1EmxnTKHgEkYFL9WQMD5gPWgZGrEQdDub/DOiR0bp0iBWpiKkE/X3RMZCrYehbzpDhn09743F/7xWisFlOxNRkiJEfLooSCXFmI7DoV2hgKMcGsK4EuZWyvtMMY4mwoIJwZ1/eZH Uz8quU3Zvz4uVq1kceXJADkmJuOSCVMgNqZIa4eSBPJEX8mo9Ws/Wm/U+bc1Zs5l98gfWxzfY1pyE</latexit><latexit sha1_base64="KyIWnHFnyrX0A0g1U5ktiefPscE=">AAACD3icbVDJSgNBEO2JW4zbqEcvjUGNlzAjgh6 DXjxGMAtkQujp1CRNeha6a4Qw5A+8+CtePCji1as3/8bOAmrig4LHe1VU1fMTKTQ6zpeVW1peWV3Lrxc2Nre2d+zdvbqOU8WhxmMZq6bPNEgRQQ0FSmgmCljoS2j4g+ux37gHpUUc3eEwgXbIepEIBGdopI597Kl+3Mk8QDainoQAS/RHOhl 5SvT6eNqxi07ZmYAuEndGimSGasf+9LoxT0OIkEumdct1EmxnTKHgEkYFL9WQMD5gPWgZGrEQdDub/DOiR0bp0iBWpiKkE/X3RMZCrYehbzpDhn09743F/7xWisFlOxNRkiJEfLooSCXFmI7DoV2hgKMcGsK4EuZWyvtMMY4mwoIJwZ1/eZH Uz8quU3Zvz4uVq1kceXJADkmJuOSCVMgNqZIa4eSBPJEX8mo9Ws/Wm/U+bc1Zs5l98gfWxzfY1pyE</latexit><latexit sha1_base64="KyIWnHFnyrX0A0g1U5ktiefPscE=">AAACD3icbVDJSgNBEO2JW4zbqEcvjUGNlzAjgh6 DXjxGMAtkQujp1CRNeha6a4Qw5A+8+CtePCji1as3/8bOAmrig4LHe1VU1fMTKTQ6zpeVW1peWV3Lrxc2Nre2d+zdvbqOU8WhxmMZq6bPNEgRQQ0FSmgmCljoS2j4g+ux37gHpUUc3eEwgXbIepEIBGdopI597Kl+3Mk8QDainoQAS/RHOhl 5SvT6eNqxi07ZmYAuEndGimSGasf+9LoxT0OIkEumdct1EmxnTKHgEkYFL9WQMD5gPWgZGrEQdDub/DOiR0bp0iBWpiKkE/X3RMZCrYehbzpDhn09743F/7xWisFlOxNRkiJEfLooSCXFmI7DoV2hgKMcGsK4EuZWyvtMMY4mwoIJwZ1/eZH Uz8quU3Zvz4uVq1kceXJADkmJuOSCVMgNqZIa4eSBPJEX8mo9Ws/Wm/U+bc1Zs5l98gfWxzfY1pyE</latexit>
n
aˆ
(m)
out
o
<latexit sha1_base64="adWuLb9nBOpBPn5IKoSUCvAEFPg=">AAACD 3icbVBNS8NAEN34WetX1KOXxaLUS0lE0GPRi8cK9gOaWDbbTbt0Nwm7E6GE/AMv/hUvHhTx6tWb/8Ztm4O2Phh4vDfDzLwgEVyD43xbS8srq2vrpY 3y5tb2zq69t9/Scaooa9JYxKoTEM0Ej1gTOAjWSRQjMhCsHYyuJ377gSnN4+gOxgnzJRlEPOSUgJF69oknWAhe5g0JZCTvZZ6SOE4hv8+q8jT3FB8M wct7dsWpOVPgReIWpIIKNHr2l9ePaSpZBFQQrbuuk4CfEQWcCpaXvVSzhNARGbCuoRGRTPvZ9J8cHxulj8NYmYoAT9XfExmRWo9lYDolgaGe9ybif 143hfDSz3iUpMAiOlsUpgJDjCfh4D5XjIIYG0Ko4uZWTIdEEQomwrIJwZ1/eZG0zmquU3Nvzyv1qyKOEjpER6iKXHSB6ugGNVATUfSIntErerOerB fr3fqYtS5ZxcwB+gPr8wdA9Z1o</latexit><latexit sha1_base64="adWuLb9nBOpBPn5IKoSUCvAEFPg=">AAACD 3icbVBNS8NAEN34WetX1KOXxaLUS0lE0GPRi8cK9gOaWDbbTbt0Nwm7E6GE/AMv/hUvHhTx6tWb/8Ztm4O2Phh4vDfDzLwgEVyD43xbS8srq2vrpY 3y5tb2zq69t9/Scaooa9JYxKoTEM0Ej1gTOAjWSRQjMhCsHYyuJ377gSnN4+gOxgnzJRlEPOSUgJF69oknWAhe5g0JZCTvZZ6SOE4hv8+q8jT3FB8M wct7dsWpOVPgReIWpIIKNHr2l9ePaSpZBFQQrbuuk4CfEQWcCpaXvVSzhNARGbCuoRGRTPvZ9J8cHxulj8NYmYoAT9XfExmRWo9lYDolgaGe9ybif 143hfDSz3iUpMAiOlsUpgJDjCfh4D5XjIIYG0Ko4uZWTIdEEQomwrIJwZ1/eZG0zmquU3Nvzyv1qyKOEjpER6iKXHSB6ugGNVATUfSIntErerOerB fr3fqYtS5ZxcwB+gPr8wdA9Z1o</latexit><latexit sha1_base64="adWuLb9nBOpBPn5IKoSUCvAEFPg=">AAACD 3icbVBNS8NAEN34WetX1KOXxaLUS0lE0GPRi8cK9gOaWDbbTbt0Nwm7E6GE/AMv/hUvHhTx6tWb/8Ztm4O2Phh4vDfDzLwgEVyD43xbS8srq2vrpY 3y5tb2zq69t9/Scaooa9JYxKoTEM0Ej1gTOAjWSRQjMhCsHYyuJ377gSnN4+gOxgnzJRlEPOSUgJF69oknWAhe5g0JZCTvZZ6SOE4hv8+q8jT3FB8M wct7dsWpOVPgReIWpIIKNHr2l9ePaSpZBFQQrbuuk4CfEQWcCpaXvVSzhNARGbCuoRGRTPvZ9J8cHxulj8NYmYoAT9XfExmRWo9lYDolgaGe9ybif 143hfDSz3iUpMAiOlsUpgJDjCfh4D5XjIIYG0Ko4uZWTIdEEQomwrIJwZ1/eZG0zmquU3Nvzyv1qyKOEjpER6iKXHSB6ugGNVATUfSIntErerOerB fr3fqYtS5ZxcwB+gPr8wdA9Z1o</latexit><latexit sha1_base64="adWuLb9nBOpBPn5IKoSUCvAEFPg=">AAACD 3icbVBNS8NAEN34WetX1KOXxaLUS0lE0GPRi8cK9gOaWDbbTbt0Nwm7E6GE/AMv/hUvHhTx6tWb/8Ztm4O2Phh4vDfDzLwgEVyD43xbS8srq2vrpY 3y5tb2zq69t9/Scaooa9JYxKoTEM0Ej1gTOAjWSRQjMhCsHYyuJ377gSnN4+gOxgnzJRlEPOSUgJF69oknWAhe5g0JZCTvZZ6SOE4hv8+q8jT3FB8M wct7dsWpOVPgReIWpIIKNHr2l9ePaSpZBFQQrbuuk4CfEQWcCpaXvVSzhNARGbCuoRGRTPvZ9J8cHxulj8NYmYoAT9XfExmRWo9lYDolgaGe9ybif 143hfDSz3iUpMAiOlsUpgJDjCfh4D5XjIIYG0Ko4uZWTIdEEQomwrIJwZ1/eZG0zmquU3Nvzyv1qyKOEjpER6iKXHSB6ugGNVATUfSIntErerOerB fr3fqYtS5ZxcwB+gPr8wdA9Z1o</latexit>
n
eˆ
(m)
out
o
<latexit sha1_base64="fBWKBh7TG//AnBwELcpRrNZ+xnE=">AAACD3i cbVBNS8NAEN34bf2qevSyWBS9lEQEPRa9eFSwH9DEstlO2sXdJOxOhBLyD7z4V7x4UMSrV2/+G7dtDn49GHi8N8PMvDCVwqDrfjozs3PzC4tLy5WV1bX 1jermVsskmebQ5IlMdCdkBqSIoYkCJXRSDUyFEtrh7fnYb9+BNiKJr3GUQqDYIBaR4Ayt1Kvu+xIi9HN/yDCHopf7WtEkw+ImP1CHha/FYIh+0avW3Lo7 Af1LvJLUSInLXvXD7yc8UxAjl8yYruemGORMo+ASioqfGUgZv2UD6FoaMwUmyCf/FHTPKn0aJdpWjHSifp/ImTJmpELbqRgOzW9vLP7ndTOMToNcxGmGE PPpoiiTFBM6Dof2hQaOcmQJ41rYWykfMs042ggrNgTv98t/Seuo7rl17+q41jgr41giO2SXHBCPnJAGuSCXpEk4uSeP5Jm8OA/Ok/PqvE1bZ5xyZpv8g PP+BUdpnWw=</latexit><latexit sha1_base64="fBWKBh7TG//AnBwELcpRrNZ+xnE=">AAACD3i cbVBNS8NAEN34bf2qevSyWBS9lEQEPRa9eFSwH9DEstlO2sXdJOxOhBLyD7z4V7x4UMSrV2/+G7dtDn49GHi8N8PMvDCVwqDrfjozs3PzC4tLy5WV1bX 1jermVsskmebQ5IlMdCdkBqSIoYkCJXRSDUyFEtrh7fnYb9+BNiKJr3GUQqDYIBaR4Ayt1Kvu+xIi9HN/yDCHopf7WtEkw+ImP1CHha/FYIh+0avW3Lo7 Af1LvJLUSInLXvXD7yc8UxAjl8yYruemGORMo+ASioqfGUgZv2UD6FoaMwUmyCf/FHTPKn0aJdpWjHSifp/ImTJmpELbqRgOzW9vLP7ndTOMToNcxGmGE PPpoiiTFBM6Dof2hQaOcmQJ41rYWykfMs042ggrNgTv98t/Seuo7rl17+q41jgr41giO2SXHBCPnJAGuSCXpEk4uSeP5Jm8OA/Ok/PqvE1bZ5xyZpv8g PP+BUdpnWw=</latexit><latexit sha1_base64="fBWKBh7TG//AnBwELcpRrNZ+xnE=">AAACD3i cbVBNS8NAEN34bf2qevSyWBS9lEQEPRa9eFSwH9DEstlO2sXdJOxOhBLyD7z4V7x4UMSrV2/+G7dtDn49GHi8N8PMvDCVwqDrfjozs3PzC4tLy5WV1bX 1jermVsskmebQ5IlMdCdkBqSIoYkCJXRSDUyFEtrh7fnYb9+BNiKJr3GUQqDYIBaR4Ayt1Kvu+xIi9HN/yDCHopf7WtEkw+ImP1CHha/FYIh+0avW3Lo7 Af1LvJLUSInLXvXD7yc8UxAjl8yYruemGORMo+ASioqfGUgZv2UD6FoaMwUmyCf/FHTPKn0aJdpWjHSifp/ImTJmpELbqRgOzW9vLP7ndTOMToNcxGmGE PPpoiiTFBM6Dof2hQaOcmQJ41rYWykfMs042ggrNgTv98t/Seuo7rl17+q41jgr41giO2SXHBCPnJAGuSCXpEk4uSeP5Jm8OA/Ok/PqvE1bZ5xyZpv8g PP+BUdpnWw=</latexit><latexit sha1_base64="fBWKBh7TG//AnBwELcpRrNZ+xnE=">AAACD3i cbVBNS8NAEN34bf2qevSyWBS9lEQEPRa9eFSwH9DEstlO2sXdJOxOhBLyD7z4V7x4UMSrV2/+G7dtDn49GHi8N8PMvDCVwqDrfjozs3PzC4tLy5WV1bX 1jermVsskmebQ5IlMdCdkBqSIoYkCJXRSDUyFEtrh7fnYb9+BNiKJr3GUQqDYIBaR4Ayt1Kvu+xIi9HN/yDCHopf7WtEkw+ImP1CHha/FYIh+0avW3Lo7 Af1LvJLUSInLXvXD7yc8UxAjl8yYruemGORMo+ASioqfGUgZv2UD6FoaMwUmyCf/FHTPKn0aJdpWjHSifp/ImTJmpELbqRgOzW9vLP7ndTOMToNcxGmGE PPpoiiTFBM6Dof2hQaOcmQJ41rYWykfMs042ggrNgTv98t/Seuo7rl17+q41jgr41giO2SXHBCPnJAGuSCXpEk4uSeP5Jm8OA/Ok/PqvE1bZ5xyZpv8g PP+BUdpnWw=</latexit>
n
eˆ
(m)
in
o
<latexit sha1_base64="jc+Gg/CNDE8oN56SNdABhhzRya4=">AAACDn icbVA9SwNBEN3z2/gVtbRZDIHYhDsRtBRtLBVMIuRi2NvMJUt2947dOSEc9wts/Cs2ForYWtv5b9zEFGp8MPB4b4aZeVEqhUXf//Tm5hcWl5ZXVktr 6xubW+XtnaZNMsOhwROZmJuIWZBCQwMFSrhJDTAVSWhFw/Ox37oDY0Wir3GUQkexvhax4Ayd1C1XQwkxhnk4YJhD0c1Do6jQxW1eUwdFaER/gGHRLV f8uj8BnSXBlFTIFJfd8kfYS3imQCOXzNp24KfYyZlBwSUUpTCzkDI+ZH1oO6qZAtvJJ+8UtOqUHo0T40ojnag/J3KmrB2pyHUqhgP71xuL/3ntDOOT Ti50miFo/r0oziTFhI6zoT1hgKMcOcK4Ee5WygfMMI4uwZILIfj78ixpHtYDvx5cHVVOz6ZxrJA9sk9qJCDH5JRckEvSIJzck0fyTF68B+/Je/Xevl vnvOnMLvkF7/0LTgmc4Q==</latexit><latexit sha1_base64="jc+Gg/CNDE8oN56SNdABhhzRya4=">AAACDn icbVA9SwNBEN3z2/gVtbRZDIHYhDsRtBRtLBVMIuRi2NvMJUt2947dOSEc9wts/Cs2ForYWtv5b9zEFGp8MPB4b4aZeVEqhUXf//Tm5hcWl5ZXVktr 6xubW+XtnaZNMsOhwROZmJuIWZBCQwMFSrhJDTAVSWhFw/Ox37oDY0Wir3GUQkexvhax4Ayd1C1XQwkxhnk4YJhD0c1Do6jQxW1eUwdFaER/gGHRLV f8uj8BnSXBlFTIFJfd8kfYS3imQCOXzNp24KfYyZlBwSUUpTCzkDI+ZH1oO6qZAtvJJ+8UtOqUHo0T40ojnag/J3KmrB2pyHUqhgP71xuL/3ntDOOT Ti50miFo/r0oziTFhI6zoT1hgKMcOcK4Ee5WygfMMI4uwZILIfj78ixpHtYDvx5cHVVOz6ZxrJA9sk9qJCDH5JRckEvSIJzck0fyTF68B+/Je/Xevl vnvOnMLvkF7/0LTgmc4Q==</latexit><latexit sha1_base64="jc+Gg/CNDE8oN56SNdABhhzRya4=">AAACDn icbVA9SwNBEN3z2/gVtbRZDIHYhDsRtBRtLBVMIuRi2NvMJUt2947dOSEc9wts/Cs2ForYWtv5b9zEFGp8MPB4b4aZeVEqhUXf//Tm5hcWl5ZXVktr 6xubW+XtnaZNMsOhwROZmJuIWZBCQwMFSrhJDTAVSWhFw/Ox37oDY0Wir3GUQkexvhax4Ayd1C1XQwkxhnk4YJhD0c1Do6jQxW1eUwdFaER/gGHRLV f8uj8BnSXBlFTIFJfd8kfYS3imQCOXzNp24KfYyZlBwSUUpTCzkDI+ZH1oO6qZAtvJJ+8UtOqUHo0T40ojnag/J3KmrB2pyHUqhgP71xuL/3ntDOOT Ti50miFo/r0oziTFhI6zoT1hgKMcOcK4Ee5WygfMMI4uwZILIfj78ixpHtYDvx5cHVVOz6ZxrJA9sk9qJCDH5JRckEvSIJzck0fyTF68B+/Je/Xevl vnvOnMLvkF7/0LTgmc4Q==</latexit><latexit sha1_base64="jc+Gg/CNDE8oN56SNdABhhzRya4=">AAACDn icbVA9SwNBEN3z2/gVtbRZDIHYhDsRtBRtLBVMIuRi2NvMJUt2947dOSEc9wts/Cs2ForYWtv5b9zEFGp8MPB4b4aZeVEqhUXf//Tm5hcWl5ZXVktr 6xubW+XtnaZNMsOhwROZmJuIWZBCQwMFSrhJDTAVSWhFw/Ox37oDY0Wir3GUQkexvhax4Ayd1C1XQwkxhnk4YJhD0c1Do6jQxW1eUwdFaER/gGHRLV f8uj8BnSXBlFTIFJfd8kfYS3imQCOXzNp24KfYyZlBwSUUpTCzkDI+ZH1oO6qZAtvJJ+8UtOqUHo0T40ojnag/J3KmrB2pyHUqhgP71xuL/3ntDOOT Ti50miFo/r0oziTFhI6zoT1hgKMcOcK4Ee5WygfMMI4uwZILIfj78ixpHtYDvx5cHVVOz6ZxrJA9sk9qJCDH5JRckEvSIJzck0fyTF68B+/Je/Xevl vnvOnMLvkF7/0LTgmc4Q==</latexit>
n
aˆ
(m)
in
o
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FIG. 2. Setup pertaining to the energy-constrained Bures
distance between loss channels L⊗Mη and L⊗Mη′ : Each of M
signal modes (red) of a probe state ∣ψ⟩ of Eq. (6) entangled
with an arbitrary ancilla system A (yellow) with total signal
energy N queries a beam splitter with transmissivity either√
η or
√
η′. We wish to minimize the fidelity between the re-
spective output states ρη and ρη′ of the signal-ancilla system.
information on η of this measurement is
Jη =∑
n
pn∑
l≤nBη(n, l) [∂ lnBη(n, l)∂η ]
2 = N
η(1 − η) , (14)
so that the QFI is attained for any η.
In many sensing scenarios, the values of {Mk}Kk=1 are
not fixed beforehand but can be varied (e.g., by using
multiple temporal or spatial modes). This flexibility al-
lows the design of practical probes and measurements.
Thus, the NDS probe
∣ψN ⟩ = ∣1⟩S1 ⊗⋯⊗ ∣1⟩S⌊N⌋⊗ (√1 − {N} ∣1⟩A ∣0⟩S⌈N⌉ +√{N} ∣0⟩A ∣1⟩S⌈N⌉) (15)
with M = ⌈N⌉ signal modes is optimal for estimating a
single loss parameter and can be prepared using single-
photon sources and linear optics. Here {N} = N − ⌊N⌋
is the fractional part of N . The optimal measurement
described above reduces to on-off detection in each of
the S and A modes, making the overall scheme realizable
with single-photon technologies [29]. Similarly, using M
copies of a TMSV state (which is also NDS) with each
component having signal energy N/M attains the MP
limit with an arbitrarily small level of squeezing per mode
in the limit of large M . In the limit of small squeezing,
on-off detection in every mode again becomes a quantum-
optimal measurement.
Energy-constrained Bures distance between loss chan-
nels – Consider the ancilla-assisted channel discrimina-
tion problem shown in Fig. 2 in which a probe of a given
number M of signal modes and total energy N entan-
gled with an ancilla A queries a beam splitter in order to
determine which of two possible values of transmissivity
(angle)
√
η (φ) and √η′ (φ′) it possesses. This problem
arises naturally in the quantum reading of a digital op-
tical memory [30] where the loss channels represent bit
values. Several measures of general channel distinguisha-
bility under an energy constraint have been proposed
recently, e.g., two versions of the energy-constrained
diamond distance [31–34], the energy-constrained Bu-
res (ECB) distance [35], and general energy-constrained
channel divergences [36]. The ECB distance between any
bosonic channelsM andN on the signal modes S is given
by the expression [37]:
BN(M,N ) ∶=
sup∣ψ⟩∶⟨ψ∣IˆA⊗NˆS ∣ψ⟩=N
√
1 − F (id⊗M(∣ψ⟩ ⟨ψ∣), id⊗N (∣ψ⟩ ⟨ψ∣)),
(16)
where F is the fidelity, A is an arbitrary ancilla system,
id is the identity channel on A, ∣ψ⟩ is a probe of the form
(6), NˆS is the total photon number operator on S, and
the optimization is over all pure states of AS with signal
energy N .
We now evaluate BN (L⊗Mη ,L⊗Mη′ ) between loss chan-
nels of the form of Eq. (3). We first note that among
probes with given {pn}, the fidelity between the out-
puts of the channels is lower-bounded by the NDS value
F = ∑∞n=0 pnµn [24]. Thus, we need to minimize ∑n pnµn
under the energy constraint (7). For an arbitrary {pn}
satisfying the energy constraint, let A↓ = ∑n≤⌊N⌋ pn, and
A↑ = 1 − A↓. For N↓ = A−1↓ ∑n≤⌊N⌋ npn ≤ ⌊N⌋ and N↑ =
A−1↑ ∑n≥⌈N⌉ npn ≥ ⌈N⌉, we have A↓N↓ +A↑N↑ = N . Since
the function x ↦ µx is convex, we have F = ∑n pnµn ≥
A↓ µN↓ +A↑ µN↑ . Convexity of this function also implies
that the chord joining (N↓, µN↓) and (N↑, µN↑) lies above
that joining (⌊N⌋, µ⌊N⌋) and (⌈N⌉, µ⌈N⌉) in the interval⌊N⌋ ≤ x ≤ ⌈N⌉. Since the energy constraint can be sat-
isfied by taking N↓ = ⌊N⌋,N↑ = ⌈N⌉, p⌊N⌋ = 1 − {N}, and
p⌈N⌉ = {N} [38], the energy-constrained minimum fidelity
equals:
FminN = (1 − {N}) µ⌊N⌋ + {N}µ⌈N⌉. (17)
The ECB distance BN (L⊗Mη ,L⊗Mη′ ) then follows from
Eq. (16). Since the ECB distance is an increasing func-
tion of N , it equals (up to normalization) the ECB dis-
tance defined using an inequality constraint in [35].
The M -signal-mode NDS probe
∣ψecbN ⟩ = √1 − {N} ∣χ⌊N⌋⟩A ∣⌊N⌋⟩S1 ∣0⟩S2 ⋯ ∣0⟩SM+√{N} ∣χ⌈N⌉⟩A ∣⌈N⌉⟩S1 ∣0⟩S2 ⋯ ∣0⟩SM (18)
is optimal for any orthogonal ancilla states ∣χ⌊N⌋⟩A and∣χ⌈N⌉⟩A since it has the optimal total signal photon num-
ber distribution. Note that BN (L⊗Mη ,L⊗Mη′ ) is indepen-
dent of M , depends on the loss values through φ′ − φ
alone, and that the above state achieves it regardless of
these values.
5Discussion – Our NDS-probe optimality results im-
ply the optimality of the quantum imaging scheme of [5]
and of the absolute calibration method [7, 39] employing
TMSV probes. For multimode TMSV probes with small
per-mode squeezing, and for the probe (15), the opti-
mality of on-off detection obviates the need for photon
counting using cryocooled detectors.
The surprising result that NDS probes attain the exact
same performance that access to the output environment
modes would give contrasts with the case of estimating
Hamiltonian shift parameters in the presence of noise, for
which the performance is strictly worse than the noiseless
case even with ancilla entanglement [40]. NDS probes
are known to be optimal in the global Bayesian approach
for general lossy image estimation problems [25]. Our
results call for a more general investigation into their
optimality within the local QFI-based approach , and for
other bosonic channels. It remains to be seen if sequential
adaptive estimation strategies [34, 41–45] can yield still
more quantum enhancement.
The exact expression for the ECB distance between
loss channels contrasts with the available results for uni-
tary channels, which are in the form of quantum-speed-
limit bounds [46]. The ECB distance gives two-sided
bounds on the energy-constrained diamond distance [47]
and hence on the error probability of quantum read-
ing [30]. It has also been used to characterize the fi-
delity of continuous-variable quantum gates [48]. NDS
probes are known to optimize general energy-constrained
channel divergences between any two phase-covariant
bosonic channels [36]. It is thus hoped that other energy-
constrained channel divergences may be calculated using
similar methods and their metrological consequences be
explored.
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